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Introductory Concepts Chapter: One

Chapter One

Introductory Concepts

1.1 Modes of Heat Transfer

Heat transfer (or heat) is thermal energy in transit due to a spatial temperature
difference.

Whenever a temperature difference exists in a medium or between media, heat
transfer must occur.

As shown in Figure 1.1, we refer to different types of heat transfer processes as
modes. When a temperature gradient exists in a stationary medium, which may be
a solid or a fluid, we use the term "conduction™ to refer to the heat transfer that
will occur across the medium. In contrast, the term "convection" refers to heat
transfer that will occur between a surface and a moving fluid when they are at
different temperatures. The third mode of heat transfer is termed "thermal
radiation”. All surfaces of finite temperature emit energy in the form of
electromagnetic waves. Hence, in the absence of an intervening medium, there is

net heat transfer by radiation between two surfaces at different temperatures.

Conduction through a solid Convection from a surface Net radiation heat exchange
or a stationary fluid to a moving fluid between two surfaces
. Ty >T, . T>T, -
7, 1 2 P; — Surface, T,
|
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—— » Surface, T
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Figure 1.1: Conduction, convection, and radiation heat transfer modes.
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As engineers, it is important that we understand the physical mechanisms which
underlie the heat transfer modes and that we be able to use the rate equations that
quantify the amount of energy being transferred per unit time.

1.1.1 Conduction Heat Transfer
At mention of the word conduction, we should immediately conjure up concepts of
atomic and molecular activity because processes at these levels sustain this mode
of heat transfer. Conduction may be viewed as the transfer of energy from the more
energetic to the less energetic particles of a substance due to interactions between
the particles.
The physical mechanism of conduction is most easily explained by considering a
gas and using ideas familiar from your thermodynamics background. Consider a
gas in which a temperature gradient exists, and assume that there is no bulk, or
macroscopic, motion. The gas may occupy the space between two surfaces that are
maintained at different temperatures, as shown in Figure 1.2. We associate the
temperature at any point with the energy of gas molecules in proximity to the
point. This energy is related to the random translational motion, as well as to the
internal rotational and vibrational motions, of the molecules.
Higher temperatures are associated with higher molecular energies. When
neighboring molecules collide, as they are constantly doing, a transfer of energy
from the more energetic to the less energetic molecules must occur. In the presence
of a temperature gradient, energy transfer by conduction must then occur in the
direction of decreasing temperature. This would be true even in the absence of
collisions, as is evident from Figure 1.2. The hypothetical plane at is constantly
being crossed by molecules from above and below due to their random motion.
However, molecules from above are associated with a higher temperature than
those from below, in which case there must be a net transfer of energy in the

positive x-direction. Collisions between molecules enhance this energy transfer.
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We may speak of the net transfer of energy by random molecular motion as a

diffusion of energy.

I, >T,

r-

Figure 1.2: Association of conduction heat transfer with diffusion of energy due to molecular
activity.

The situation is much the same in liquids, although the molecules are more closely
spaced and the molecular interactions are stronger and more frequent. Similarly, in
a solid, conduction may be attributed to atomic activity in the form of lattice
vibrations. The modern view is to ascribe the energy transfer to lattice waves
induced by atomic motion. In an electrical nonconductor, the energy transfer is
exclusively via these lattice waves; in a conductor, it is also due to the translational
motion of the free electrons.

Examples of conduction heat transfer are legion. The exposed end of a metal spoon
suddenly immersed in a cup of hot coffee is eventually warmed due to the
conduction of energy through the spoon. On a winter day, there is significant
energy loss from a heated room to the outside air. This loss is principally due to
conduction heat transfer through the wall that separates the room air from the
outside air.

Heat transfer processes can be quantified in terms of appropriate rate equations.

These equations may be used to compute the amount of energy being transferred
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per unit time. For heat conduction, the rate equation is known as Fourier's law. For

the one-dimensional plane wall shown in Figure 1.3, having a temperature
distribution T(x), the rate equation is expressed as,

G = —k— (1-1)
The heat flux (W/m?®) is the heat transfer rate in the x-direction per unit area
perpendicular to the direction of transfer, and it is proportional to the temperature
gradient, dT/dx, in this direction. The parameter k is a transport property known as
the thermal conductivity (W/mK) and is a characteristic of the wall material. The
minus sign is a consequence of the fact that heat is transferred in the direction of
decreasing temperature. Under the steady-state conditions shown in Figure 1.3,
where the temperature distribution is linear, and the temperature gradient may be
expressed as,

Ti—T,
L

Gp=—kT=-kZT2=k2  (12) $

The heat rate by conduction, g, (W), through

a plane wall of area Ais then the product of

the flux and the area, g, = q, X 4

[e— L —»

Fig. 1-3: One-dimensional heat transfer by conduction

1.1.2 Convection Heat Transfer
The convection heat transfer mode is comprised of two mechanisms. In addition to
energy transfer due to random molecular motion (diffusion), energy is also
transferred by the bulk, or macroscopic, motion of the fluid. This fluid motion is

associated with the fact that, at any instant, large numbers of molecules are moving
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collectively or as aggregates. Such motion, in the presence of a temperature
gradient, contributes to heat transfer. Because the molecules in the aggregate retain
their random motion, the total heat transfer is then due to a superposition of energy
transport by the random motion of the molecules and by the bulk motion of the
fluid. The term convection is customarily used when referring to this cumulative
transport and the term advection refers to transport due to bulk fluid motion

Convection heat transfer may be classified according to the nature of the flow. We
speak of forced convection when the flow is caused by external means, such as by
a fan, a pump, or atmospheric winds. As an example, consider the use of a fan to
provide forced convection air cooling of hot electrical components on a stack of
printed circuit boards (Figure 1.4a). In contrast, for free (or natural) convection,
the flow is induced by buoyancy forces, which are due to density differences
caused by temperature variations in the fluid. An example is the free convection
heat transfer that occurs from hot components on a vertical array of circuit boards
in air (Figure 1.4b). Air that makes contact with the components experiences an
increase in temperature and hence a reduction in density. Since it is now lighter
than the surrounding air, buoyancy forces induce a vertical motion for which warm

air ascending from the boards is replaced by an inflow of cooler ambient air.

Buoyancy-driven
flow

' g
Hf)lrced — 4 ‘ Hot components =
ow / on printed
S _D_D_D_D_El_ circuit boards ] q"
P
ﬁ D/
- — AEEAEE
P =
—_—
> EREERE =

Air T T T
(a) {b)

Fig. 1-4: Convection heat transfer processes. (a) Forced convection. (b) Natural convection.
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Regardless of the nature of the convection heat transfer process, the appropriate
rate equation is of the form,

g =h(Ty— T) (1-3)
where , the convective heat flux (W/m?), is proportional to the difference between
the surface and fluid temperatures, Ts and T,, respectively. This expression is
known as Newton's law of cooling, and the parameter h (W/m’K) is termed the
convection heat transfer coefficient. This coefficient depends on conditions in the
boundary layer, which are influenced by surface geometry, the nature of the fluid
motion, and an assortment of fluid thermodynamic and transport properties. In the
solution of such problems we presume h to be known, using typical values given in
Table 1.1.

Table 1.1: Typical values of the convection heat transfer coefficient.

h
Process (W/m?* K)

Free convection

Gases 2-25

Liquids 50-1000
Forced convection

Gases 25-250

Liquids 100-20,000
Convection with phase change
Boiling or condensation 2500-100,000

1.1.3 Radiation Heat Transfer
Thermal radiation is energy emitted by matter that is at a nonzero temperature.
Although we will focus on radiation from solid surfaces, emission may also occur
from liquids and gases. Regardless of the form of matter, the emission may be

attributed to changes in the electron configurations of the constituent atoms or
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molecules. The energy of the radiation field is transported by electromagnetic
waves (or alternatively, photons). While the transfer of energy by conduction or
convection requires the presence of a material medium, radiation does not. In fact,
radiation transfer occurs most efficiently in a vacuum. Consider radiation transfer
processes for the surface of Figure 1.5a. Radiation that is emitted by the surface
originates from the thermal energy of matter bounded by the surface, and the rate
at which energy is released per unit area (W/m?) is termed the surface emissive
power, E. There is an upper limit to the emissive power, which is prescribed by the
Stefan Boltzmann law:

E, =oTg (1-4)

where T is the absolute temperature (K) of the surface and o is the Stefan
Boltzmann constant (¢ = 5.67x10® W/m?K*). Such a surface is called an ideal
radiator or blackbody. The heat flux emitted by a real surface is less than that of a
blackbody at the same temperature and is given by,

E =0T (1-5)

Where ¢ is a radiative property of the surface termed the emissivity. With values in
the range 0 < ¢ < 1, this property provides a measure of how efficiently a surface

emits energy relative to a blackbody.

Gas Gas
T, h kA
G »
IL, L{ /4 ’ Surroundings > 4.
(?\ rsy / G conv at 1‘;1' T ran /‘/'.H':v
Surface of emissivity Surface of emissivity T 5 F o LT
&, absorptivity a, and & =a,area A, and
temperature 7 temperature 7'

(a) (h)
Fig. 1-5: Radiation exchange: (a) at a surface and (b) between a surface and large surroundings.
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A special case that occurs frequently involves radiation exchange between a small
surface at T and a much larger, isothermal surface that completely surrounds the
smaller one (Figure 1.5b). The surroundings could, for example, be the walls of a
room or a furnace whose temperature T, differs from that of an enclosed surface
(Tsur # Ts). For such a condition, the irradiation may be approximated by emission
from a blackbody at Ty, in which case G = oT,,,.. If the surface is assumed to be
one for which o = ¢ (a gray surface), the net rate of radiation heat transfer from the

surface, expressed per unit area of the surface, is
q;‘ad = %: 8Eb(Ts) — a6 = SJ(T54 - Ts%;r) (1'6)

This expression provides the difference between thermal energy that is released
due to radiation emission and that gained due to radiation absorption.

A surface which absorbs all radiation incident upon it (o=1) or at a specified
temperature emits the maximum possible radiation is called (black surface). The

emissivity of a surface, ¢, is defined as;

i: 8
dp

where (q and g,) are the radiant heat fluxes from this surface and from a black
surface respectively at the same temperature. Under thermal equilibrium (o=¢) for
all surfaces (Kirchhoff’s law).

When two bodies exchange heat by radiation, the net heat exchange is given by
Stefan-Boltzmann's law of radiation which was found experimentally by Stefan
and later proved thermodynamically by Boltzmann. Thus;

q = Foeo (TS — Ty

Where Fg is geometric view factor, configuration factor or shape factor.
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1.2 Fourier's law of conduction

Microscopic theories such as the kinetic theory of gases and the free-electron
theory of metals have been developed to the point where they can be used to
predict conduction through media. However, the macroscopic or continuum theory
of conduction, which is the subject matter of this course, disregards the molecular
structure of continua. Thus conduction is taken to be phenomenological and its
effects are determined by experiment as described in details in Section 1.1.1.

The molecular structure of material (continua) may be classified according to
variations in thermal conductivity. A material (continuum) is said to be
homogeneous if its conductivity does not vary from point to point within the
continuum, and heterogeneous if there is such variation. Furthermore, continua in
which the conductivity is the same in all directions are said to be isotropic,
whereas those in which there exists directional variation of conductivity are said to
be anisotropic. Some materials consisting of a fibrous structure exhibit anisotropic
character, for example, wood and asbestos. Materials having a porous structure,
such as wool or cork, are examples of heterogeneous continua. In this course,
except where explicitly stated otherwise, we shall be studying only the problems of
isotropic continua. Because of the symmetry in the conduction of heat in isotropic
continua, the flux of heat at a point must be normal to the isothermal surface
through this point.

According to the first law of thermodynamics, under steady conditions there must
be a constant rate of heat g through any cross section of the geometry (such, walls,
cylinders and spheres). From the second law of thermodynamics we know that the
direction of this heat is from the higher temperature to the lower. Therefore,
equations 1.1 and 1.2 give Fourier's law for homogeneous isotropic continua.
Equations (1.1 and 1.2) may also be used for a fluid (liquid or gas) placed between

two plates a distance L apart, provided that suitable precautions are taken to
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eliminate convection and radiation. Therefore, equations (1.1 and 1.2) describe the
conduction of heat in fluids as well as in solids.

Let the temperatures of two isothermal surfaces corresponding to the locations x
and x+Ax be T and T+AT, respectively (Figure 1.6). Since this plate may be
assumed to be locally homogeneous, equation (1.1) can be used for a layer of the
plate having the thickness Ax as Ax+0. Thus it becomes possible to state the
differential form of Fourier's law of conduction, giving the heat flux at x in the

direction of increasing x, as follows:

. AT oT
Q= —k limyy o (31) = —k 3 (1-7)

4z

Fig. 1-6: Isothermal surfaces.

Fourier's law for heterogeneous isotropic continua. In equation (1.7), by
introducing a minus sign we have made ¢y, positive in the direction of increasing x.

It is important to note that this equation is independent of the temperature

distribution. Thus, for example, in figure 1.7 (a) g—z < 0 and gy, > 0, whereas in
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figure 1.7 (b) Z—i >0 and q, < 0. Both results agree with the second law of

thermodynamics in that the heat diffuses from higher to lower temperatures.

T
4} 0
Conduction
> 0
/‘?T <0
dr
O - +;r 5" i 1 N

Fig. 1-7: Independent of the temperature distribution.
Equation (1.7) may be readily extended to any isothermal surface if we state that

the heat flux across an isothermal surface is

aT
qn = —k— (1-8)
Generalizing Fourier's law for isotropic continua, we may assume each component
of the heat flux vector to be linearly dependent on all components of the

temperature gradient at the point. Thus, for example, the Cartesian form of

Fourier's law for heterogeneous anisotropic continua becomes

qx = _(klla + k126 + k13_)
qy = _(k21a + kzza + k3 _) (1-9)

q; = _(k31a + ksza + k33 _)
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The value of k for a continuum depends in general on the chemical composition,
the physical state, and the structure, temperature, and pressure. In solids the
pressure dependency, being very small, is always neglected. For narrow
temperature intervals the temperature dependency may also be negligible.

Otherwise a linear relation is assumed in the form

k= k,(1+ BT) (1-10)

where $ is small and negative for most solids.

1.3 Equation of Conduction

A major objective in a conduction analysis is to determine the temperature field in
a medium resulting from conditions imposed on its boundaries. That is, we wish to
know the temperature distribution, which represents how temperature varies with
position in the medium. Once this distribution is known, the conduction heat flux
at any point in the medium or on its surface may be computed from Fourier’s law.
Other important quantities of interest may also be determined.

Consider a homogeneous medium within which there is no bulk motion
(advection) and the temperature distribution T(x, y, z) is expressed in Cartesian
coordinates. By applying conservation of energy, we first define an infinitesimally
small (differential) control volume, dx.dy.dz, as shown in figure 1.8. Choosing to
formulate the first law at an instant of time, the second step is to consider the
energy processes that are relevant to this control volume. In the absence of motion
(or with uniform motion), there are no changes in mechanical energy and no work
being done on the system. Only thermal forms of energy need be considered.
Specifically, if there are temperature gradients, conduction heat transfer will occur

across each of the control surfaces. The conduction heat rates perpendicular to each
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of the control surfaces at the x-, y-, and z-coordinate locations are indicated by the

terms qy, g, and q;, respectively.
v The conduction heat rates at the opposite surfaces can then be expressed as a

Taylor series expansion where, neglecting higher-order terms,

aq
Ax+dx = qx T+ a_xx dx

aq
Qy+dy = qy T 6_3:/ dy (1-11)

dq,
z+dz = 4z + o7 dz

T, y, 2) —l q.., 4

9+ dx

Fig. 1-8: Differential control volume, dx dy dz, for conduction analysis in Cartesian coordinates.

v Within the medium there may also be an energy source term associated with
the rate of thermal energy generation. This term is represented as:
E, = g dxdydz (1-12)
Where g is the rate at which energy is generated per unit volume of the medium
(W/md).
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v" Changes may occur in the amount of the internal thermal energy stored by
the material in the control volume and the energy storage term may be

expressed as:
Eye = pCy 30 dxdydz (1-13)

where pCpZ—: is the time rate of change of the sensible (thermal) energy of the

medium per unit volume.

On a rate basis, the general form of the conservation of energy requirement is:

Ein + Eg — Eour = Est (1-14)
Hence, recognizing that the conduction rates constitute the energy inflow E;, and
outflow Egy and substituting Equations 1.12 and 1.13into Equation 1.14, we

obtain,
. oT
dx+ 4y + 9, t g dxdydz — qyqax — Qy+dy — Qz+dz = pCp 3t dxdydz (1-15)

The conduction heat rates in an isotropic material may be evaluated from Fourier’s

law,
oT
q, = —kdydz F

aT
qy = —kdxdza (1-16)

aT
q; = —kdxdya—z

Substituting Equation 1.16 into Equation 1.15 and dividing out the dimensions of
the control volume (dx dy dz), we obtain

selk5o) * 5 (k) + 5 (k5) + 9= 0G5 1)

Equation 1.17 is the general form, in Cartesian coordinates, of the heat diffusion
equation. This equation, often referred to as the heat equation, provides the basic

tool for heat conduction analysis. Equation 1.17, therefore states that at any point

15



Introductory Concepts Chapter: One

in the medium the net rate of energy transfer by conduction into a unit volume plus
the volumetric rate of thermal energy generation must equal the rate of change of
thermal energy stored within the volume.

If the thermal conductivity is constant, the heat equation is

02T  9%T  9%T g
+—+2=
0x? dy? 0z2  k

1 0T
a ot

(1-18)

Heat conducted
where a (=

- k/p ¢,) is the thermal diffusivity.

Heat stored

v The heat equation under constant the thermal conductivity and steady-state

conditions is called Poisson Equation as,

0°T 9°T 0°T
0x2 dy? 0z2

+

= Q.

— 0 (1-18-a)

v' The heat equation under constant the thermal conductivity and no heat

generation is called Diffusion Equation as,

0°T 0°T 0°T 1 0T
= - — 1-18-b
0x? dy? T 0z2 a ot ( )

v' The heat equation under constant the thermal conductivity, no heat

generation and steady-state conditions is called Laplace Equation as,

92T 92T 92T
P 957 + Py =0 (1-18-C)

Under steady-state conditions, there can be no change in the amount of energy

storage; hence Equation 1.17 reduces to

d (, oT d (, aT a (, arT :
(k5 + 5 (k) + 5 (k) + 9= 0 (1-19)
Moreover, if the heat transfer is one-dimensional (e.g., in the x-direction) and there

IS no energy generation, Equation 1.19 reduces to

= (k Z—D =0 (1-20)
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Cylindrical Coordinates
The heat equation may also be expressed in cylindrical coordinates. The
differential control volume for this coordinate system is shown in Figure 1.9. In

cylindrical coordinates, Fourier’s law is

: or
ar =~k
: k oT
Ao = ~ 734 (1-21)
: oT
q = —k—

Where, x =r Cosg, y =r Sing, z =z

/
\
\
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\/
=57
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4
\
\

\
ve——

qr + dr

\
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\ !/ \
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~
b~y
7
f---

\

q.

Fig. 1-9: Differential control volume, dr rd ¢ dz, for conduction analysis in cylindrical coordinates

(r. ¢, 2).
Applying an energy balance to the differential control volume of Figure 1.9, the

following general form of the heat equation is obtained:

rar(rg) t g (kg) + 5 (k5) + 9= oGy (1-22)
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If the thermal conductivity is constant, the heat equation is

5+ = () + () + 6= i (1-23

Spherical Coordinates
The heat equation may also be expressed in spherical coordinates. The differential

control volume for this coordinate system is shown in Figure 1.10. In spherical

coordinates, Fourier’s law is

o + do

| 71 _plo+do
-~ 4—” -
- I
I
I
\\\;
N I
\\
Y Y9r+dr
-

Fig. 1-10: Differential control volume, dr. r sinf dg¢. rd6, for conduction analysis in spherical
coordinates (r, 6, ¢).

" oT
qr = —k ar
k 0T
C[¢ - rsind ﬁ (1_24)
_ _kor
99 = ~ 750

Where, x =r Cos¢ Sind, y =r Sing Sind, z = r Cosd
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Applying an energy balance to the differential control volume of Figure 1.10, the

following general form of the heat equation is obtained:

20D i 35 () + e ksno ) ¢ 0 0, % 29

r2 or or r2sin2 6 % % r2sin 0 06

If the thermal conductivity is constant, the heat equation is

10 (200 p L () L0 (00T g 10 i
r2 or (T or + r2sin2 0 d¢ \d¢ + r2sin 6 06 sin ¢ 06 t k  aat (1 26)
Exercise 1:

Derive the general 3D heat conduction equation through isotropic media in
cylindrical and spherical coordinates using: Coordinate transformation and Energy
balance for a finite volume element.

1.4 Boundary and Initial Conditions

1.4.1 Boundary (surface) conditions:
The most frequently encountered boundary conditions in conduction are as
follows,

A. Prescribed temperature
The surface temperature of the boundaries is specified to be a constant or a
function of space and/or time.

B. Prescribed heat flux
The heat flux across the boundaries is specified to be a constant or a function of
space and/or time. The mathematical description of this condition may be given in
the light of Kirchhoff's current law; that is, the algebraic sum of heat fluxes at a
boundary must be equal to zero. Hereafter the sign is to be assumed positive for the

heat flux to the boundary and negative for that from the boundary. Thus,

remembering that the statement of Fourier's law, q,, = —k Z—;, Is independent of
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the actual temperature distribution, and selecting the direction of q,, conveniently

such that it becomes positive, we have from Figure 1.11.

T _ |
tk 5. = 14 (1-27)
where d/dn denotes differentiation along the normal of tho boundary. The plus
and minus signs of the left-hand side of Equation (1.27) correspond to the
differentiations along the inward and outward normals, respectively, and the plus

and minus signs of the right-hand side correspond to the heat flux from and to the

boundary, respectively.

qn g//
Qn+ q,/ = Oy

"QH+(1//=OJ 7 P

(OIN 1 _ s g N
e T YT —
- P - q//
(inward) n (inward) n AT T
\

Fig. 1-11: Prescribed surface heat flux boundary conditions.
C. No heat flux (insulation)
This, prescribed is a special form of the previous case, obtained by inserting g" =0
into Equation (1-27).
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— = (1-28)
D. Heat transfer to the ambient by convection

When the heat transfer across the boundaries of a continuum cannot be prescribed,
it may be assumed to be proportional to the temperature difference between the
boundaries and the ambient. Thus we have

Qeonv = R (T = Tx) (1-29)
where T is the temperature of the solid boundaries, T, is the temperature of the
ambient at a distance far from the boundaries, and h, the proportionality constant,
Is the so-called heat transfer coefficient. Equation (1.29) is Newton's cooling law.

The required boundary condition may be stated in the form
+k L=h(T-T,) (1-30)

on
Where d/dn denotes the differentiation along the normal. The plus and minus
signs of the left member of Equation (1.30) correspond to the differentiations along
the inward and outward normals, respectively (Figure 1.12). It should be kept in
mind that g, shown in Figure 1.12 is a positive quantity, obtained by arbitrarily

selecting it in the direction of the normal. Actually, Equation (1.30) is independent

of the temperature distribution and the direction of the heat transfer.

‘17: " ']n - “v

- E ’I‘ &7 i Al
—k (‘5‘7}‘)6 — h(la — 1 -,;) = (.
I!Y

T,

—Gntqe= 0,

n (outward)

(inward) 74 — [ = "‘(B}z'), l +W(T,—T,)=0.

Fig. 1-12: Heat transfer to the ambient by convection surface heat flux boundary conditions.
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E. Heat transfer to the ambient by radiation
The boundary condition prescribing heat transfer by radiation from the boundaries
of continuum 1. When T, is uniform but unspecified, to express the heat flux across
the surfaces of 1 by conduction and radiation the required boundary condition may

be written in the form

th == hy_p0 (T — T4) (1-31)
F. Prescribed heat flux acting at a distance

Consider a continuum that transfers heat to the ambient by convection while

receiving the net radiant, heat flux g" from a distant source (Figure 1.13). The heat

transfer coefficient is h, and the ambient temperature T... This boundary condition

may be readily obtained as

Kl "
+k % + q =h 0 (Tf— TP (1-32)
where the signs of the conduction term depend on the direction of normal in the
usual manner. AN
]Cz
A
— - .
3| q2
A\ T
Y n
Fig. 1-13: Prescribed heat flux acting at a Fig. 1-14: Heat Interface of two continua of
distance different conductivities & and 4

G. Interface of two continua of different conductivities k; and ks
When two continua have a common boundary (Figure 1.14), the heat flux across
this boundary evaluated from both continua, regardless of the direction of normal,

gives
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oT, T,
kl a = kz E (1'33)

H. Interface of two continua in relative motion
Consider two solid continua in contact, one moving relative to the other (Fig.
1.15). The local pressure on the common boundary is p, the coefficient of dry
friction W, and the relative velocity V. Noting that the heat transfer to both continua

by conduction is equal to the work done by friction, we have

T,

o (1-34)

+k, (Z—j;) + upV = +k,

Fig. 1-15: Interface of two continua in relative

motion

where the minus signs of the conduction terms correspond to the normal shown in
Figure (1.15).

1.4.2 Initial (volume) condition:
For an unsteady problem the temperature of a continuum under consideration must
be known at some instant of time. In many cases this instant is most conveniently
taken to be the beginning of the problem. Mathematically speaking, if the initial
condition is given by T(r), the solution of this problem, T(r, t), must be such that
at all points of the continuum
lim,,,T(r,t) =T, (1-35)
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1.5 Methods of investigation and formulation
Four methods are usually used in conduction problems, these are;
1. Analytical Methods
2. Methods of Analogy
3. Computational Methods
4. Graphical Methods

1.5.1 Analytical Methods
In these methods, a number of assumptions are made to simplify the governing
equations and get a solution from them. Analytical solution tends to be lengthy and
difficult.

1.5.2 Methods of Analogy
A number of lumped distributed models for conduction problems are available
based on mechanical, hydrodynamic, and electrical systems. Networks of electrical
resistors, capacitors, and sometimes inductors are the most important simulators of
lumped systems; on rare occasions, mechanical simulators systems comprised of
masses, springs, and dashpots are also used for this purpose. Electrolytic tanks,
conductive papers, stretched membranes; soap film, fluid mappers, and polarized
light are some of the distributed models occasionally used.
The direct mathematical similarity between heat and electrical conduction is by far
the best known and most widely used analogy for the study of complex problems
in both steady and transient heat conduction. The characteristic PDE governing the

transient distribution of electric potential (electromotive force) E in an electrically-

conducting 2-D region of uniform electrical resistance per unit length (R, = g)

and uniform electrical capacity per unit length (C, = %);
0°E 0°E oT
ez T o Rl (1-36)
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with the familiar characteristic PDE governing the transient distribution of thermal
potential (temperature) T in a thermally conducting 2-D region of uniform
diffusivity (o).

2 2

ot T aa (1-37)

According to previous notations, t represents time. The transient state analogy
between electric and temperature potential is therefore complete if on the same
time scale the electrical diffusivity (1/R.C,) and thermal diffusivity (o) are equal.
In this state, there is a direct analogy between two laws, the conservation of charge
in the electrical system corresponds to the conservation of heat in the thermal
system, and the current flow in the electrical system (Ohm’s law) corresponds to
heat flow in the thermal system (Fourier's law) . The complete electrical thermal

analogy is summarized in Table (1.2).

Table 1.2: Analogues Electrical-Thermal Quantities

Electrical Thermal

Heat=Q (J . Btu)

Charge = Q.(coulomb)

Temperature =T (C", F")
Voltage = E (volt)

Resistance R ( (ﬁ) =
w

Resistance = R (Ohm) KA hA
AE s, I8 i _AT
Current = I (Ampere) =— Flow = q (JVh, )=
: 1
Capacitance= C (Farad) 5z
at Unit Capacity = CppV (J/°%) = #/dt
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1.5.3 Computational Methods
Basically, numerical methods are discretization of analytical methods. By this

discretization, the local (differential) formulations leads to a finite difference

formulation, while the global (integral, variational, or any other methods of

weighted residual) formulation leads to finite element formulation. Both numerical

methods lead, after linearization if required, to the solution of systems of linear

algebraic equations.

Analytical
Methods

F.D.M.

Numerical
»  Discretization P Seiliods
Local Global
( Differential ) ( Integral. Variational or Weighted Residual ) )
Formulation Formulation
F.DM. F.EM. ( Complete Geometry )

' !
v

Linearization ( if Required )

}

Systems of Linear Algebraic Equations

|

Solution
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1.5.4 Graphical Methods

The graphic method presented in this section can rapidly yield a reasonably good
estimate of the temperature distribution and heat flow in geometrically complex
two-dimensional systems, but its application is limited to problems with isothermal
and insulated boundaries. The object of a graphic solution is to construct a network
consisting of isotherms (lines of constant temperature) and constant-flux lines
(lines of constant heat flow). The flux lines are analogous to streamlines in a
potential fluid flow, that is, they are tangent to the direction of heat flow at any
point. Consequently, no heat can flow across the constant-flux lines. The isotherms
are analogous to constant-potential lines, and heat flows perpendicular to them.
Thus, lines of constant temperature and lines of constant heat flux intersect at right
angles. To obtain the temperature distribution one first prepares a scale model and
then draws isotherms and flux lines freehand, by trial and error, until they form a
network of curvilinear squares. Then a constant amount of heat flows between any
two flux lines. The procedure is illustrated in Figure 1.16 for a corner section of
unit depth (az = 1) with faces ABC at temperature T,, faces FED at temperature
T,, and faces CD and AF insulated. Figure 1.16 (a) shows the scale model, and
Figure 1.16 (b) shows the curvilinear network of isotherms and flux lines. It should
be noted that the flux lines emanating from isothermal boundaries are
perpendicular to the boundary, except when they come from a corner. Flux lines
leading to or from a corner of an isothermal boundary bisect the angle between the
surfaces forming the corner.

A graphic solution, like an analytic solution of a heat conduction problem
described by the Laplace equation and the associated boundary condition, is
unique. Therefore, any curvilinear network, irrespective of the size of the squares,
that satisfies the boundary conditions represents the correct solution. For any

curvilinear square the rate of heat flow is given by Fourier’s law:
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Isotherms

----- Heat flow lines
T, Aqy Ag,

(@)

Fig. 1-16: Interface of two continua in relative motion
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Aq = —k(AL X 1)% = —kAT (1-38)
This heat flow will remain the same across any square within any one heat flow
lane from the boundary at T, to the boundary at T,. The AT across any one element

in the heat flow lane is therefore

T—-Ty
N

where N is the number of temperature increments between the two boundaries at T,

AT = (1-39)

and T,. The total rate of heat flow from the boundary at T, to the boundary at T,
equals the sum of the heat flow through all the lanes. According to the above
relations, the heat flow rate is the same through all lanes since it is independent of
the size of the squares in a network of curvilinear squares. The total rate of heat

transfer can therefore be written
=yn=Mpg =2 k(T, x T,) = 2 kAT (1-40)
q= Zn:l dn N ( 2 X 1) N overall

where Aq, is the rate of heat flow through the n™ lane, and M is the number of heat

flow lanes.
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1.6 Mathematical modeling of physical problems

Physical problem
Identify
important
variables Make
reasonable
assumptions and
Apply approximations
relevant
physical laws

4

A differential equation

Apply
applicable
solution Boundary
technique and initial
conditions

 J

Solution of the problem

1.7 Homework:
(1) Derive the general three-dimensional conduction heat transfer equation for
isotropic heterogeneous medium in cylindrical and spherical coordinates, using

energy balance for a finite volume element; obtain the solution for isotropic
homogeneous medium (a = pic).
(2) Write down the equation of conduction for the following media in Cartesian

coordinates;

a- Heterogeneous anisotropic solids
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b- Homogeneous anisotropic solids

c- Heterogeneous isotropic solids

d- Homogeneous isotropic solids

(3) Write down the vectorial and Cartesian forms of the Fourier's law of
conduction for heterogeneous anisotropic continua.

(4) What are the most frequently encountered boundary conditions in conduction
heat transfer problems? Express these boundary conditions mathematically and
mention one application for each boundary condition.

(5) What are the basic modes of heat transfer? And what are the important

differences between diffusion and radiation heat transfer?
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Chapter Two

One-dimensional, Steady-State Condition

2.1Introduction
Several different physical shapes may fall in the category of one-dimensional
systems. Cylindrical and spherical systems are one-dimensional when the
temperature in the body is a function only of radial distance and is independent of
azimuth angle of axial distance. In some two-dimensional problems the effect of a
second — space coordinate may be so small as to justify its neglect, and the
multidimensional heat flow problem may be approximated with a one-dimensional
analysis. In these cases, the differential equations are simplified, and we are led to

a much easier solution as a result of this simplification.

2.2General Formulation
Consider a long, hollow cylinder or a thick-walled, closed shell of constant wall
thickness whose cross section is shown in Figure 2.1. This cylinder or shell
contains a fluid at temperature T;, and is surrounded by an ambient at temperature
T,. Let us suppose that T; > T,. The inside and outside heat transfer coefficients are
h; and h,, respectively. We wish to know the temperature distribution of and the

heat transfer through this cylinder or shell.

S = space coordinate

A(s) = conduction heat transfer area

d
s = Qs+das = qs t E(QS)dS

Figure 2.1: a long, hollow cylinder or a thick-walled, closed shell of constant wall thickness.
2
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The method of solution employed here is convenient for one-dimensional problems
in which q = const. at every cross section.
Assumptions

v’ Steady-State Condition

v One-dimensional problem (length >> thickness)

v" Uniform thermal conductivity (k)

v Convection heat transfer coefficients (h; and h,) are uniform over the whole

area.
Gs = qs+as = qs + %(qs)ds (2-1)
qs = —kA; = (2-2)
“(cka, ) =0 @

From assumption, k = ¢

sS4 g)=o0 (2-4)

The boundary conditions from Figure 2.1,

Boundary condition (1) k dz(:l) = hi[Ts1y) — Ti]
Boundary condition (2) —k d?;l(sm = ho[Ts) — Tol

By integrating Eq. (2.4) twice, we can get
ar das ds ds
As5=C - dT=C—- - deszA—S - T=CfA—S+D

Substituting the solution of Eq. (2.4) into both boundary conditions,

o= e[S +D =T (2:5)

As1 Asg

—ao= hlC [P+ D =T, (2:6)
Asz As

Thus, after finding C and D from Eqgs (2.5 and 2.6) will be,

T-T, _ Agy S2ds | 1

. = Uo ==, YR (2-7)

Where U, is overall heat transfer coefficient based on A,
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Ti—T,

Therefore, q= TRt R
i o]

(2-8)

It is sometimes convenient to simplify Eq. (2.8) by writing it in terms of the so-
called over-all coefficient of heat transfer U, which is defined according to
q=UA(T; - T,) s

1
—=R;+R+ R \
UA t 0 // i \ ¢
1 1 1 s2ds | / |
Where, R; = : R, = : R=—Ji+ | ( ,._W FAAMA—AAA T,
hiASI hOASZ k s1 AS '.\ it / [ ,l ,
\ N : /
.\ el f
N\ //
<

Since U depends on A, the statement of U is ambiguous until an area is chosen.
Noting that

UA = UiAs; = UpAs, (2-9)
where U; and U, denote the over-all heat transfer coefficients based on the inner

and outer surface areas, respectively, we may write the outside coefficient U, for

example, as
L _ As/Asy | Asps2ds | 1 i
Uy o h; + k fsl Ag + ho (2 10)

For convenience, we shall apply the procedure of the foregoing problem to three
important cases, the Cartesian, Cylindrical, and Spherical geometries. The over-all
heat transfer coefficients based on the outer surface area and the temperature

distributions of these geometries are:

ian: t_r_1,Lt. 1 -
Cartesian: AR + ot ™ (2-11)

PETEPR 1 _ (Ry/Ry) |, Ryy (Ry) , 1 )
Cylindrical: A t In (Rl) + ™ (2-12)

ol 1 _ (Ra/Ry)* | Ry (Ry 1 i
Spherical: A + (R1 1) + ™ (2-13)
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. T-To _ Xp_X i _
Cartesian: T, UO( —t ho) (2-14)
indrical: T-To _ Rapn (B2 4 L -
Cylindrical:  {—2 = U, | 22In (%2) + - (2-15)

ical: T—T _ Ra (Rz _ 1 -
Spherical: e U, [k (r ) + ™ (2-16)
Homework:

Derive the following Equations,
Equation 2.7, Equation 2.8, Equation 2.12, Equation 2.3, Equation 2.15 and
Equation 2.16.

2.3Composite Structures
Assume that the hollow cylinder or the thick-walled, closed shell of Figure 2-1 is
composed of N layers of materials having different thicknesses and thermal
conductivities (Figure 2.2). The contact resistance between the layers is negligible.
We wish to find the heat transfer from the inner fluid to the surrounding ambient,
and the temperature distribution of the structure. Extending the analogy between

the diffusion of heat and electric current to the present case, we readily obtain

—— —

n

Ro by

————
- —

5 8o S Sn § Sp+1d Sy | 8y Spr 41

Figure 2.2: The hollow cylinder or the thick-walled with composite wall of NVlayers.

5
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— = R+ 3N Ry + R, (2-17)

The explicit form of U based on the outside surface is

1 Asyyy/Asy

1 Speqd
U, n; +As,, Y- 17 f o S"‘_ (2-18)

O

Equation (2.18) reduces to Eqg. (2.10) for N = 1.
To obtain the temperature distribution in the structure we first express q in terms of
the temperature difference (T — T,) and the corresponding resistances (from the

series Ry, Ry+1, Rn+2, ... ,RN). The result is
T-T,

EJ‘Sn+1(_) Zm n+1(_) f5m+1(d

] (2-19)

h0A5N+1

q:

Where T denotes the temperature of the location s (see Figure 2.2). Then
eliminating q between Equation 2.19 and [q = UA (T; — T,)], we find that the

desired temperature distribution in terms of U, is
T—T, As n+1 4 1
= U2 [ D) + Agyy, Tihenis ()
Equation (2.20) reduces to Eq. (2.7) for N = 1.
The Cartesian, cylindrical, and spherical forms of Equations (2.18) and (2.20) are

e (5) + 4 (2-20)

Sm

listed below:

Cartesian: Uio = % = hil + Z?’Fli—: + hio (2-21)
Cylindrical: Ui m’vhﬂ + Rys SN 1[kn (R;:)] + i (2-22)
Spherical: Ui %+ Re1 Zea (—— Rm)] +hio (2-23)
Cartesian: ;‘_:‘; = U, (% +3N n+1(%) + ho) (2-24)
Cylindrical: 7= = U, | 22 In (B2) + Ry Do - InC2) + 1] (2-25)
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1)+i

Rim+1 ho

cap. I—T, RN+1 (RN+1  Rn+a 2 N 1 .1
Spherical: —== U [ ( — )+R i1 — (——
p o N " Rmer N+1 Xm=n+1 P (Rm

(2-26)

In practice, the combination of series- and parallel-connected structures is also
important, especially in Cartesian geometry.

In this section a number of physical and mathematical facts are demonstrated in
terms of examples selected from Cartesian, Cylindrical, and Spherical geometries.

Examples:

Q1: Consider a wall composed of hollow concrete blocks, such as is used in
building construction (Fig. 2.3). Actually, the heat transfer through this type of
wall is not one-dimensional. However, a one-dimensional analysis gives
satisfactory results for practical problems.

Solution:

By employing the electrical analogy, we readily obtain

Figure 2.3: A wall composed of hollow concrete blocks.
7



One-dimensional, Steady-State Condition Chapter: Two

1

— = R+ 3N_.1Ro+ R, = Ri+ Ry + 1/R3+1/Ry+1/Rs

UA

+ R, + R,

Thus we have, per unit width of the wall perpendicular to the cross section shown

in Figure 2.3,
; ___1 R = 1‘2_ | : [
hi(by + ba + b3) ' ko(by + by + bg) ' kiby/Lq + kebs/Ly + kybs/Ly

n Lo e 1
ka(by + ba + b3) * ho(by + b -+ by)

and hence per unit area of the wall

1_ 1 L Ly Ly , 1
U_hi+k2+61k1—|—62k2+] Th
where

€, = (by + b3)/(by -+ bs + b3)

and

€2 = bg/(by + by + b3)

Q2: The fuel element of a pool reactor is composed of fiat plates of thickness 2L,
and cladding material of thickness (L, - L;) bonded to the surfaces of these plates
as shown in Figure 2.4. Uniform (nuclear) internal energy g is assumed to be
generated in the plates only. The heat transfer coefficient is h, the temperature of
the coolant T... We need to know the temperature distribution of the fuel element.

Solution:
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Plate ' g

—’):"*\—;L——— S s Claddlng

AT(Ly) =To(ly) =T

T

Figure 2.4: The fuel element of a pool reactor.

Q3: A constant-property inviscous liquid having the far upstream temperature T,
and velocity V flows steadily through an infinitely long tube of cross-sectional area
A and periphery P. The wall thickness of the tube is negligible. The downstream
half of the tube is subjected to the constant heat flux g"; the upstream half is
insulated (see Figure 2.5). We wish to know the axial temperature distribution of
the liquid, based on a radially lumped analysis.

Solution: l

—

et Yy 9
T

() Control

volume
‘,/

lill

e (Lo

l

Vv

—————— -

T
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Consider the radially lumped, axially differential control volume shown in Figure

2.5. Let us apply the general laws to this control volume as follows.

L

r = 110
| A 10 ah .
pA VRO | [ A4} (hl T dzx dl.)
|
| l dq
| ( ' )
ook : | 7z T 5 dz )A
—.7 r—‘
: h
S e O —  Control volume

Q4: An electric wire of radius R is uniformly insulated with plastic to produce an
outer radius R, (see Figure 2.6). The electrical resistance and thermal conductivity
of this wire are p, (ohms x length) and k,, respectively. The thermal conductivity
of the insulation is k, the heat transfer coefficient h, and the ambient temperature
T.. We wish to determine the maximum current that this wire can carry without
heating the plastic above its allowable operating temperature Tax.

h, Tew

k /lnsulutmn\

.....

.....

Figure 2.6: An electric wire.
10
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05: The fuel element of a reactor consists of a sphere of fissionable material with
radius R, surrounded by a spherical shell of cladding with outer radius R, (see
Figure 2.7). The temperature of the coolant is T,, and the heat transfer coefficient
Is h. The nuclear internal energy generated in the sphere can be approximated by a

T

2
parabola as: gy = go[1 — (E) ], where g, is the nuclear energy generation at the

center of the sphere. We wish to know the temperature distribution in the fuel
element.

Solution:

Cladding

Fisiicnible material—— Figure 2.7: A sphere of fissionable material.

Q6: Derive an expression for the temperature distribution and the heat flow
through the walls of the following three geometries for the following four cases
(each of cases (i & ii) should be worked with both cases (iii & iv)):
Case (i): without heat generation, Case (ii): with heat generation (g)
Case (iii): constant thermal conductivity (k).
Case (iv): variable thermal conductivity (k = k(1 + g T)), where (k,) is known
conductivity at a reference temperature (T,) and (f) is the coefficient of thermal
conductivity.

11
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Geometry (1) In finite plate wall
T, | —
T:'.

i

Mot fiuid
C7..h0
.

N« L1
Cold fluid
T2 hy
Geometry (11 Hollow lona cvlinder
¢ ioi'fil;ia \;,
("'AT“’-I' hl r;
cc'd ﬂu'd / ) PO g

" r

Tn 2

Geometry (I111) Hollow sphere
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Chapter Three

Heat Transfer from Extended Surfaces

3.1Introduction
The term "extended surface™ is commonly used to depict an important special case
involving heat transfer by conduction within a solid and heat transfer by
convection (and/or radiation) from the boundaries of the solid.
Consider first a wall at temperature T, transferring heat by convection to an
ambient at temperature T,,. Therefore, the rate of heat transfer from this wall may
be evaluated in terms of a heat transfer coefficient in the form,
Qeconv. = hA(Ty, — Tw) (3-1)
Clearly, qcony. Of EQ. (3.1) may be increased by increasing:
(i) The temperature difference between the wall and the ambient.
(ii) The heat transfer coefficient.
(iif) The heat transfer area.
The first case needs no explanation; the second case is the subject matter of texts

on convective heat transfer; the third case is the concern of this section.

Examples of extended surfaces (fins) applications are easy to find around us.
Consider the arrangement for cooling engine heads on motorcycles and lawn
mowers or for cooling electric power transformers (see Figure 3.1). Consider also
the tubes with attached fins used to promote heat exchange between air and the
working fluid of an air conditioner. Two common finned-tube arrangements are

shown in Figure 3.1.
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-

Figure 3.1: Fin configurations. (a) Straight fin of uniform cross section. (b) Straight fin of non-uniform

cross section. (¢) Annular fin. (d) Pin fin, and Schematic of typical finned-tube heat exchangers.

3.2 Analysis of extended surfaces (fins)
Consider the extended surface of Figure 3.2. The analysis is simplified if certain
assumptions are made. We choose to assume one-dimensional conditions in the
longitudinal (x-) direction, even though conduction within the fin is actually two-
dimensional. The rate at which energy is convected to the fluid from any point on
the fin surface must be balanced by the net rate at which energy reaches that point
due to conduction in the transverse (y-, z-) direction. However, in practice the fin is

thin, and temperature changes in the transverse direction within the fin are small

3
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compared with the temperature difference between the fin and the environment.
Hence, we may assume that the temperature is uniform across the fin thickness,
that is, it is only a function of x.

We will consider steady-state conditions and also assume that the thermal
conductivity is constant, that radiation from the surface is negligible, that heat
generation effects are absent, and that the convection heat transfer coefficient h is
uniform over the surface. Steady state (T , q # f (t) ). Homogeneous material.
Uniform free stream temperature ( T, ). Uniform base temperature. Negligible
contact resistance. No heat generation. By applying the conservation of energy

requirement,

Figure 3.2: Energy balance for an extended surface.

dx = Qx+ax T A9conw. (3'2)

daT daT d daT
—kA T = —kA. T — k(4. 5) dx + hdAy(T — T.,) (3-3)

where A. is the cross-sectional area, which may vary with x. dAs is the surface area

of the differential element.

d AT\  hdAq B ]
E(ACE)_kdx(T_T‘”)_O (3-4)

da*T (1 dAC) dTr 1 hdAq

dx? Ac dx

dx ‘A, var) (T~ To) =0 (3-5)



Heat Transfer from Extended Surfaces Chapter: Three

This result provides a general form of the energy equation for an extended surface.
Its solution for appropriate boundary conditions provides the temperature

distribution, which may be used to calculate the conduction rate at any x.

3.2.1 Extended surfaces with constant cross sections

To solve Equation 3.5 it is necessary to be more specific about the geometry. We
begin with constant (uniform) cross-sectional area such as the simplest case of
straight rectangular and pin fins (see Figure 3.1 and Figure 3.3). Each fin is
attached to a base surface of temperature Ty- o= Tp and extends into a fluid of

temperature T.,.

For the prescribed fins, A; is a constant and A= Px, where A is the surface area
measured from the base to x and P is the fin perimeter. Accordingly, with dA. /dx=
0 and dAy/dx= P, Equation 3.5 reduces to

d?T hpP

dx? kA

(T—-Ts)=0 (3-6)

To simplify the form of this equation, we transform the dependent variable by
defining an excess temperature 6 as,
Q(X) = T(x) - Too (3'7)

where, since T, is a constant, do/dx = dT/dx, and m? = (hP/kA_), Substituting
Equation 3.7 into Equation 3.6, we then obtain

L0 m?6 =0 (3-8)

dx?
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: ' ),
——y r/ : t S =y .“‘ | 7 ‘
5 ‘L>~7,, ' e — —»
_—
P=2w+2t £ P=nD
A, =wi A, = nD?/4

(a) (h)
Figure 3.3: Straight fins of uniform cross section. (a) Rectangular fin. (b) Pin fin.

Equation 3.8 is a linear, homogeneous, second-order differential equation with
constant coefficients. Its general solution is of the form

Oy = Ce™ + Cre™™ (3-9)
Or, 6 = Cscoshmx + C, sinhmx (3-10)
To evaluate the constants C; and C, of Equation 3.9 and C; and C, of Equation
3.10, it is necessary to specify appropriate boundary conditions. One such
condition may be specified in terms of the temperature at the base of the fin (x=0),
O=0) = Op = Tp — Too (3-11)
The second condition, specified at the fin tip (x = L), may correspond to one of

four different physical situations.

Case A: considers convection heat transfer from the fin tip. Applying an energy

balance to a control surface about this tip (Figure 3.4), we obtain

deo
dxlx=L

hAC(T(x:L) - Too) = —kA d—T

€ dx

or hQ(L) = —k

x=L

Solving for C; and C,, it may be shown, after some manipulation, that
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Fluid, 7.

8 _ coshm(L-x)+(h/mk)sinhm(L-x) 1 =
Z = e d7 ;

6p coshmL+(h/mk) sinhmL b= 4; KA =

—— hA [T - T

[ ——

aix)

0

0 L
)

Figure 3.4: Conduction and convection in a fin of
uniform cross section.

The form of this temperature distribution is shown schematically in Figure 3.4.
Note that the magnitude of the temperature gradient decreases with increasing x.
This trend is a consequence of the reduction in the conduction heat transfer qg,(x)
with increasing x due to continuous convection losses from the fin surface. We are
particularly interested in the amount of heat transferred from the entire fin. From
Figure 3.4, it is evident that the fin heat transfer rate g; may be evaluated in two
alternative ways, both of which involve use of the temperature distribution. The
simpler procedure, and the one that we will use, involves applying Fourier’s law at
the fin base. That is,

ar dae
qr = Qo = ~kAc—| = —kA.—

x=0 € ax

(3-13)

x=0

Hence, knowing the temperature distribution, 8(x), g may be evaluated, giving

g = thACHb sinh mL+(h/mk) coshmlL (3_14)

coshmL+ (h/mk) sinhmlL

Case B: corresponds to the assumption that the convective heat loss from the fin

tip is negligible, in which case the tip may be treated as adiabatic and
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dae

dx

=0

x=L

Using this boundary condition to solve for C; and C, and substituting the results

into Equation 3.9, we obtain

6 _ coshm(L—-x)
Oy o coshmlL

(3-15)
Using this temperature distribution with Equation 3.13, the fin heat transfer rate is

then

qr =/ hPkA 0, tanhmL (3-16)

Case_C: where the temperature is prescribed at the fin tip. That is, the second

boundary condition is 6, = ;, and the resulting expressions are of the form

0 _ (8./6p) sinhmx+ sinhm(L-x)
Op o sinhmL

(3-17)

Using this temperature distribution with Equation 3.13, the fin heat transfer rate is
then

g = ’—thACHb coshmL—(6./0p) (3-18)

sinh mL

Case D: is an interesting extension of these results. In particular, as Infinite fin (L

— oo, Gy — 0) and it is easily verified that
O — g-mx (3-19)

e—b_

qf = ,/thACHb (3'20)

Homework 1:

Prove the following Equations,
Equation 3.12, Equation 3.14, Equation 3.15, Equation 3.16, Equation 3.17,
Equation 3.18, Equation 3.19, Equation 3.20.
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Examples:

Q1: A metal rod of length 2L, diameter D, and thermal conductivity k is inserted
into a perfectly insulating wall, exposing one-half of its length to an airstream that
Is of temperature T,, and provides a convection coefficient h at the surface of the
rod as shown in Figure 3.5. An electromagnetic field induces volumetric energy
generation at a uniform rate g within the embedded portion of the rod.

(a) Derive an expression for the steady-state temperature T, at the base of the
exposed half of the rod. The exposed region may be approximated as a very long
fin.

(b) Derive an expression for the steady-state temperature T, at the end of the
embedded half of the rod.

(c) Using numerical values provided in the schematic, plot the temperature
distribution in the rod and describe key features of the distribution. Does the rod

behave as a very long fin?

T_ =20
it = 100 WIm*K
— T, o
' Rod, D, A k = 25 WimK -
- §=2 % 105Wm*
\{'_'_""l e N by = 50 Wim®K [—\ )
1 L - T . =30°C Thi=2mn ' ,' ,
L=50mm }
- D=5mm 2L = 60 mm e —
k =25 W/m-K ky = 250 Wim-K
..[ =1x10° W."'l: f——
Figure 3.5 )
Figure 3.6

Q2: Heat is uniformly generated at the rate of 2x10° W/m® in a wall of thermal
conductivity 25 W/m K and thickness 60 mm. The wall is exposed to convection
on both sides, with different heat transfer coefficients and temperatures as shown
in Figure 3.6. There are straight rectangular fins on the right-hand side of the wall,
with dimensions as shown and thermal conductivity of 250 W/mK. What is the

maximum temperature that will occur in the wall?

9
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03: A constant-area fin between surfaces at temperatures T, and T, is shown in
Figure 3.7. If the external temperature, T..(X), is a function of the coordinate x, find
the general steady-state solution of the fin temperature T(x) for (a) T, = T, and (b)

T #T,.

7., h
'1'1 | | To

3.2.2 Bessel Functions Figure 3.7
In section 3.2.3, a class of one-dimensional problems associated with extended
surfaces (fins, pins, or spines) will be discussed. When the cross section of an
extended surface is variable, the formulation of the problem results in a second-
order linear differential equation with variable coefficients. This differential
equation is a form of Bessel's equation, except in a special case which leads to the
so-called equidimensional equation. The solution methods suitable to second-order
linear differential equations with constant coefficients are not suitable to those with
variable coefficients. We may, however, recall that equations with variable
coefficients possess solutions expressible, over an appropriate interval, in terms of
power series. This section is therefore devoted to a brief review of the power series
solution of Bessel's equation.

The general Bessel's equation is,
2
X222 4 [(1 - 24)X — 2BX?] 2 + [C2D?X? + B2X? — B(1 — 24)X + A% = C?n?]y = 0

The solution of Bessel's equation:

y = X4eBX[C,],(DXC) + C,Y,(DX©)] (when D is real)
y = X4eBX[C,I,(DXC) + C,K,,(DX)] (when D is imaginary)
Where:

J. - Ordinary Bessel function of first kind of order n.

Y,, : Ordinary Bessel function of second kind of order n.

10
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I, - Modified Bessel function of first kind of order n.

K, : Modified Bessel function of second kind of order n.

Ordinary Bessel Function:

Jo(x),J;1(x) : Ordinary Bessel function of first kind of order, zero and first order
respectively.

Y, (x),Y;(x) : Ordinary Bessel function of second kind of order, zero and first order
respectively.

Modified Bessel function:

I,(x),I;(x) : Modified Bessel function of first kind of order, zero and first order
respectively.

K,(x),K;(x) : Modified Bessel function of second kind of order, zero and first
order respectively.

Graphical representation of the general behavior of Bessel functions. Graphs of the
general behavior of Bessel functions are shown in Figure 3.8. Having thus
completed our review of Bessel functions we may now proceed to demonstrate the

use of these functions in the solution of problems related to extended surfaces.

1.0 T
Jolx) f
0.8}— ——-L;.. *— \ s ._ﬁ_(a) 2
0.6— Jy(z)— i — -
Jolx) ' ’
0.4 i | NV SN A
| | '
0.2 ! : s i
\ \[\/ /
0.0 5 3 B S 10 :
| | l- |
02 1L 4_ — Xl i
~ 0.4} — | ——l —
- 0.6 1 |
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Figure 3.8
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Example-1:
2d%y ay 2y2.,
X2+ X =+ 22 X%y =0
Solution:
The comparison between the above equation and Bessel functions yields to,

2
X2ZZ 4+ [(1 - 24)X — 2BX?] 2+ [C?D2X?C + B2X? — B(1 - 24)X + A? — C*n?]y = 0

Therefore,

1-24=1 2%5a-0
2B=10 Y =0
20=2 Y =1
c2p2 =22 XEp=3
c2n2=0 ZSn=o

Yy = Co(AX) + C,Y, (AX)

Example-2:

14} 1 !
y'+1y —uty =0 (xX?)
X2y" + Xy' —u?X?y =10
Solution:

The comparison between the above equation and Bessel functions yields to,

2
X222+ [(1— 24)X — 2BX?) 2 + [C2D2X?C + B2X? — B(1 — 24)X + A? — C?n?]y = 0

Therefore,

1-24=1 Ve A= 0

2B =0 Yl g =0

20="2 Ve =1

C?D? = —? yie—>ldsD=iu
C2n? = 0 =0

V) = Cilo(uX) + C Ko (uX)

13
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3.2.3 Extended surfaces with variable cross sections

The general formulation of problems of extended surfaces with variable cross

sections has already been given by Eq. (3.4) [:—x (AC %) + %9 = 0]. Since A.

and A; (Pdx) are no longer constant, this equation now becomes a differential
equation with variable coefficients whose general solution can be determined only
when A. and A are specified. In most cases Eq. (3.4) is reduced to a form of
Bessel's equation; a special case is that leading to the equidimensional equation.
Cases which do not lead to either of these equations may be treated individually by

employing the power series solutions of differential equations.

Example 1: The geometry of a straight fin of triangular profile is described in
Figure 3.8. The base temperature T, of the fin is specified. The temperature
distribution and the rate of heat transfer from this triangular fin can be determined

as,

Tw

=
-

~X
Figure 3.8 */

14
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Solution:
b/L <<'1

L/l << 1 (The temperature distribution of the present problem is One-dimensional

or that the ends in the I-direction are insulated)

h1+h2

Noting from Figure 3.8 that 6 = (T — T,), A. = (b ) x land hP = (——) X 2,

inserting these values into Eq. (3.4), dx(A dT) hdAs

¢ (T—T)—O and

rearranging the result, we get

hi1+

d P ao\ (B32)xz1ax d [(bl \dO] (hi+hy)l
—((b—)xl—)—2—9=0 54 (—x) ] Mathdly —
dx L dx k dx dx L dx k

d de] (h1+h2)L
dx dx bk

6=0

d ao aze
E(xa) —m?0 =0 - x? = tx —x— m?x0 =0 (xX)  (3-21)
where, m?= (hy+h,)L/kb. Comparison of Eq. (3.21) with the general form of Bessel
function gives,

X222 Y 4 [(1 - 24)X — 2BX?) 2 dy + [C2D2X%C + B2X%2 — B(1 — 2A)X + A2 — C?n?]ly = 0

yields

1-24=1 e A=0

2B =0 Y B=0

2C=1 8=t

CZDZ — _mZ (E)ZDZ — _mz D = \/——mz X \/Z y—>LeldS D=imX?2

Cznz _ 0 yleldsn —0

y = X4eBX[C,1,(DX®) + C,K,(DX)] (Because D is imaginary)
1 1

By = Culo (2mX2) + C,K, (2mX3) (3-22)

Boundary conditions:

x=0 - 6 = finite value of temperature at the fin tip

15
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Since we have from Figure 3.8 (d), lim, o K,(x) » o

Therefore, the finiteness of tip temperature implies C,= 0.

Next, the use of the base temperature, x =L - 6y =60,= T, —Tx)

So, ¢, = 6,/1,(2mL?). Inserting the values of C, and C, into Eq. (3.22), we find

that the temperature distribution in the fin is

0 (x) . Io(mel/z) -
0,  Io(2mL1/2) (3-23)

Again, the heat transfer from the fin may conveniently be obtained by considering
the conduction through its base. Thus
q = —[-kA(dO/dx)x=1]

which may be evaluated from Eq. (3.23). It follows, in terms of (§ = 2mx/?), that

m

;—x [1,(&)] = :_E [1,(&)] Z—i =—7h (2mx/?), and the heat transfer from the fin is

(m/LY2) [;(2mLY/?) q _ (mLY?)1,(2mLY/?)

I,(2mL1/2) @ - I,(2mL1/2)

q = kA6,

Example 2: Consider a straight fin of parabolic profile as shown in Figure 3.9. The
thermal conductivity, base thickness, and length of the fin are k, 2b, and L,
respectively. The heat transfer coefficient is h and the ambient temperature T...

Find the steady temperature and the total heat transfer from the fin, assuming that

parabola is given by y = Cx'/2, where C is a constant.

Solution: :{ Fuyl
y=CxY? atx=L then y=b
_b _ (b)) .,1/2 ey
c=% - y=(3)x 7 ‘ZTh
A, =2yx1=2y 7 .
0% "
A; = Pdx =2 2y + 1) dx = 2dx Z; ‘
very small l
negligible A 3 A
? 7 :
l’——- L- —v4  Figure 3.9

16
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From energy balance,

Ax = 9x+dx T 9conv.

0 0
. (—kAC %) dx + hPdx(T —T.,) = 0

X

9 (25,172}, 9T\ _ — = = (T —

= (ﬁx kax) 2h(T —T,) = 0 Letd = (T — T,)
9 (y1/220) MLy _ 2 _hL
ax(x ax) kbe_o Letm "~ kb

Or Eqg. (3.4) can be applied directly as,

d dT\ hdAs _

E(ACE) e L~ Tx) =0

4 (py 40| _h2dx gy _ A (o (L) c1/299) _2h
dx (Zy dx) k dx 6=0 dx (2 (ﬁ)x dx)

L (x1/288) MLy _ g
dx dx kb

Therefore,
2

1/2970 , 1 06 op _

X 6x2+2\/§6x m<6 =0

20%0 106

0x2 2 Ox

By comparing the above equation with Bessel functions as,

x (xvx)

—m?x3/20 = 0

yields

) 4
—>D=lm><§

yields

d? d
X? d—x}z’ + [(1 = 24)X — 2BX?] d—i’ + [C%2D?X?¢ + B2X? — B(1 —2A)X + A2 — C?*n?]y =0
Therefore,
leld
1-24=2 5a=1
yields
2B =0 —>B=0
oc=3 yields ~ _3
2 4
2 2
c2p?=-m?* (3) p2=-m? D=v-mZx (3
4 3
2 _ 2,2 _ N2 _ 3N\2,2 1 16 _ 2
A —=Cn“ =0 (4) (4)n—0 —X=n

Oy = X5 (oA (3 mX%) + Gk (3 mX%)]

17
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Wl

3
Let, u= ngZ X = (i) us Now, substituting into 6,,equation as,

4i4m
O = ((ﬁ)
1

Oy = ((1)5 u%> (11 + €K1 (W)

i4m

4
3

u%f [CoLa(w) + CoKa ()]

Boundary conditions:
x=0 - u=0 - 0y = finite value of temperature

Since we have from Figure 3.8 (d), lim,_, Ki(u) » oo

The finiteness of tip temperature implies C,= 0.

Next, the use of the base temperature, x=L - u= gmL% - O =6,
3\3 (4 3 3 4 3 1 4 3
00 = () @) ) cury (3 0, = L Cyts (L)
o
—L%h (imﬁ) = C; (3-24)
3 3

Inserting the values of C, and C; into 6, equation, we find that the temperature

distribution in the fin is

3 1 6o 0w 3 1 L4'§(u)
Oy = ((ﬁ) us> [ —= 1 (W)] ;; — <(%) u3> [Il<§mL%)] (3-25)

L% 11(—mLZ) 3
3 3

4 3
1 I1<—mX4)
O _ ({)4 [2 3
- 3
8o L 11(3mLZ)
3 3

] (3-26)

Again, the heat transfer from the fin may conveniently be obtained by considering
the conduction through its base. Thus
q = —[-kA(d8/dx)x=1]

which may be evaluated from Eq. (3.26). It follows, in terms of (¢ = %mxz), that

18
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;—x[ll(f)] [11(5)] dc _ Am 14(—mx4) and the heat transfer from the fin is
3

dx _ 3xl/4
4 1 3 +
e, = iy 10581 i) 1 (i) 5
3
s e 14( mL4) +Ln (3mL4)]

—_ N E
x=L 11(§mL4) 417 3
3

%
q=1kA 11(%7;%) 5 3 I: (3 mL4)
3

3.2.4 Extended Surface Efficiency

The maximum rate at which a fin could dissipate energy is the rate that would exist

=03 mL4)] (3-27)

4L4- 3

if the entire fin surface were at the base temperature. However, since any fin is
characterized by a finite conduction resistance, a temperature gradient must exist
along the fin and the preceding condition is an idealization. A logical definition of
extended surface efficiency is therefore, the ratio of the actual to a hypothetical

(Ideal) heat transfer:

__Actual heat transfer from extended surface _ qrin

(3-28)

f ™ Ideal Heat transfer from extended surface AMax.

Ideal heat transfer from extended surface, it is the heat transfer at the base
temperature, q;4.q1 = hA; (T, — To,) Where Astotal surface area of the fin

The denominator of Eq. (3.28) denotes the heat transfer from an area of the wall
equivalent to the base area of the extended surface; the heat transfer to be evaluated
by numerator and denominator together is based on the same temperature
difference, base minus ambient. Since the temperature of a wall and the heat
transfer coefficient between the wall and the ambient are somewhat changed when
an extended surface is attached to the wall, the efficiency defined by Eq. (3.28) is
quite approximate. The error involved in this approximation depends on the length

of the extended surfaces and the space between them. Therefore, rather than to

19
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demonstrate the increased heat transfer from a wall by the use of extended
surfaces, this efficiency may better be employed to compare different extended

surfaces. The particular values of these efficiencies for specific cases are,

0, /hPkA; _ |[KP

w 77flInfinite fin (Lo ) - 6,hA, hA, (3-29)
. __ 8o\ /hPkA tanhmL k_P )
Case B: Ui |Adiabatic fintial 0,hA, o w/hAC tanhml (3-30)

The efficiencies of extended surfaces have been extensively investigated in the
literature. In practice, however, the technology involved may be a more important
consideration than finding a 5-10% more efficient profile which is expensive to
manufacture.

In contrast to the fin efficiency #;, which characterizes the performance of a single
fin, the overall surface efficiency 7, characterizes an array of fins and the base
surface to which they are attached. Representative arrays are shown in Figure 3.10,

where S designates the fin pitch. In each case the overall efficiency is defined as,

_ 4t _ _qt _
r’f N Amax N hAg6)p (3 31)

where @ is the total heat rate from the surface area A; associated with both the fins
and the exposed portion of the base (often termed the prime surface). If there are N
fins in the array, each of surface area Ay, and the area of the prime surface is
designated as Ay, the total surface area is

Ay = NA; + A, (3-32)
The maximum possible heat rate would result if the entire fin surface, as well as
the exposed base, were maintained at T,. The total rate of heat transfer by
convection from the fins and the prime (unfinned) surface may be expressed as

q: = NnshAs6), + hA,0, (3-33)

20
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where the convection coefficient h is assumed to be equivalent for the finned and

prime surfaces and #; is the efficiency of a single fin. Hence

NA
qc = h[N nyAp + (A = NAP]6, = hA[1 - — (1 =110, (3-34)

5

(a) (bh)
Figure 3.10: Representative fin arrays. (a) Rectangular fins. (b) Annular fins.

Substituting Equation (3.34) into (3.31), it follows that

NAf

Mo =1=7=(1 =) (3-35)
From knowledge of #,, Equation 3.31 may be used to calculate the total heat rate
for a fin array.
3.2.5 Extended Surface Effectiveness

Recall that fins are used to increase the heat transfer from a surface by increasing
the effective surface area. However, the fin itself represents a conduction resistance
to heat transfer from the original surface. For this reason, there is no assurance that
the heat transfer rate will be increased through the use of fins. An assessment of

this matter may be made by evaluating the fin effectiveness &. It is defined as the

21



Heat Transfer from Extended Surfaces Chapter: Three

ratio of the fin heat transfer rate to the heat transfer rate that would exist without

the fin. Therefore

Actual heat transfer from extended surface ar (3 36)

Ef = =
f Rate of heat transfer from the base area (without fin) hA:pBp

where A.;, is the fin cross-sectional area at the base. In any rational design the
value of & should be as large as possible, and in general, the use of fins may rarely
be justified unless g > 2.

Subject to any one of the four tip conditions that have been considered, the
effectiveness for a fin of uniform cross section may be obtained by dividing the
appropriate expression for g by hA. ,8,. Although the installation of fins will alter
the surface convection coefficient, this effect is commonly neglected. Hence,
assuming the convection coefficient of the finned surface to be equivalent to that of
the unfinned base, it follows that, for the infinite fin approximation (Case D), the
result is,

kP
hA¢

& = (3-37)

Several important trends may be inferred from this result. Obviously, fin
effectiveness is enhanced by the choice of a material of high thermal conductivity.
Aluminum alloys and copper come to mind. However, although copper is superior
from the standpoint of thermal conductivity, aluminum alloys are the more
common choice because of additional benefits related to lower cost and weight. Fin
effectiveness is also enhanced by increasing the ratio of the perimeter to the cross-
sectional area. For this reason, the use of thin, but closely spaced fins is preferred,
with the proviso that the fin gap not be reduced to a value for which flow between
the fins is severely impeded, thereby reducing the convection coefficient. Equation

3.37 also suggests that the use of fins can be better justified under conditions for
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which the convection coefficient h is small. Hence it is evident that the need for
fins is stronger when the fluid is a gas rather than a liquid and when the surface
heat transfer is by free convection. If fins are to be used on a surface separating a
gas and a liquid, they are generally placed on the gas side, which is the side of
lower convection coefficient. A common example is the tubing in an automobile
radiator. Fins are applied to the outer tube surface, over which there is flow of
ambient air (small h), and not to the inner surface, through which there is flow of
water (large h). Note that, if & > 2 is used as a criterion to justify the

implementation of fins, Equation 3.37 yields the requirement that (kP/hA.) > 4.

We can draw several important conclusions from equation (3.37) for consideration
in the design and selection of the fins:

1. The thermal conductivity of the fin material (k) should be as high as possible.
The most widely used fins are made of aluminum.

2. The ratio of the perimeter to the cross-section area of the fin should be as high as
possible. This condition is satisfied by thin plate fins or slender pin fins.

3. The use of fins is most effective in applications involving a low convective heat
transfer coefficient (h). In liquid-to-gas heat exchanger such as the car radiator,

fins are placed on the gas side.
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Homework 2: Consider a straight fin of parabolic profile as shown in Figure 3.11.

The thermal conductivity, base thickness, and length of the fin are k, 2b, and L,
respectively. The heat transfer coefficient is h and the ambient temperature T..
Find the steady temperature of and the total heat transfer from the fin, assuming

that parabola is given by y = Cx?, where C is a constant.

()

Figure 3.12

Figure 3.11

Homework 3: Consider a straight fin of parabolic profile as shown in Figure 3.12.
The thermal conductivity, base thickness, and inner and outer radii of the fin are Kk,
2b, R and R,, respectively. The heat transfer coefficient is h and the ambient
temperature T,. Find the steady temperature of and the total heat transfer from the
fin, assuming that hyperbola is given by (a) yr'/? = C, (b) yr? = C where C is a

constant.
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Steady-State Two-Dimensional Conduction Heat Transfer Chapter: Four

Chapter Four

Steady-State Two-Dimensional Conduction Heat Transfer

4.1 Introduction
In many cases such problems are grossly oversimplified if a one-dimensional
treatment is used, and it is necessary to account for multidimensional effects. In
this chapter, we will focus on "analytical method" for treating two-dimensional

systems under steady-state conditions.

4.2Boundary-value problems and characteristic-value problems
Consider an ordinary differential equation of second order which may result from
the differential formulation of a steady one-dimensional conduction problem. The
solution of this equation involves two arbitrary constants which are determined by
two conditions, each specified at one boundary of the problem. Problems of this
type are called boundary-value problems to distinguish them from initial-value
problems, in which all conditions are specified at one location. Reconsider the

differential equation

2
&Y ry=0 (4-1)

dx?

Assume that this homogeneous equation involves a parameter "A" as

% + A2y =0 (4-2)
And is subject to homogeneous boundary conditions

y(0) = 0, and y(L) = 0 then the general solution of Equation (4-2) is

y = C;sinAx + C, cos Ax (4-3)
The use of (y(0) = 0) resultsin C, = 0and,y = C; sinAx
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From (y(L) = 0), combined with y = C;sinlAx, gives C,;sinAL =0. The
problem has nontrivial solutions only if A satisfies the (sin AL = 0). Therefore,

Ap =

”L_”, wheren=1,2,3, ...... : (4-4)

And the corresponding solutions of (y = C; sin Ax) are,

Y= Cign(®),  @n(x) =sin(=)x (4-5)
Note that no new solutions are obtained when "n" assumes negative integer values.
Thus, the foregoing boundary-value problem has no solution other than the trivial
solution y= 0, unless A assumes one of the characteristic values given by Equation
4-4. Corresponding to each characteristic value of A, there exists a characteristic
function ¢, (x) given by Equation 4-5, such that any constant multiple of this
function is a solution of the problem. It is important to note that the boundary-
value problem given by

L+ 22y =0; y(0) =0, y(L)=0

dx

has no solution other than the trivial solution y= 0 corresponding to A= 0. Hence
there does not exist any set of characteristic values and characteristic functions for
this problem. This illustrates the fact that a boundary-value problem may or may
not be a characteristic-value problem. A boundary-value problem is a
characteristic-value problem when it has particular solutions that are periodic in
nature; the period and amplitude of these solutions may or may not be constant.
Therefore, in the next three sections the general properties of characteristic

functions are investigated.

4.30rthogonality of Characteristic Functions
By definition, two functions ¢, (x) and ¢,,(x) are said to be orthogonal with
respect to a weighting function w(x), over a finite interval (a, b), if the integral of
the product w(x)¢,, (x)¢,, (x) over that interval vanishes as

3
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f(f w(x) @ () Py (x)dx =0, where m #n (4-6)
Furthermore, a set of functions is said to be orthogonal in (a, b) if all pairs of
distinct functions in the set are orthogonal in (a, b). The word orthogonality comes
from vector analysis. Let ¢,,(x;) denote a vector in 3D space whose rectangular
components are ¢,,(x;), ¢,,(x,), and ¢,,(x3). Two vectors, ¢,,(x;) and ¢, (x;),
are said to be orthogonal, or perpendicular to each other, if

Om(x;) - on(x;) = ?:1 Om (X)) -0 (x;) =0 (4-7)
When the units of length on the coordinate axes vary from one axis to another, the
foregoing scalar product assumes the form

Om(x;) - on(x;) = Zliv=1 w(x;) @ (x;) @r(x;) =0 (4-8)
Where the weighting numbers w(x;), w(x,), and w(x3) depend upon the units of
length used along the three axes. The vectors in an N-Dimensional space having
components ¢,,(x;), @,(x;), =1, 2,3, ...... , N are said to be orthogonal with
respect to the weighting numbers w(x;).

It will now be shown that the characteristic functions of a characteristic-value
problem are orthogonal over a finite interval with respect to a weighting function.
To establish this fact, consider the characteristic-value problem composed of the

linear homogenous second-order differential equation of the general form

D+ A@Z+ L@+ LAy =0 (4-9)
This equation, multiplied through by the factor (el/ 21®)4x] = 5 (x)) and with the
functions defined as £, (x)p(x) = q(x) and f5(x)p(x) = w(x), may be rearranged
in the form

2@ 2|+ [g@) + 2wy =0 (4-10)

Which is more convenient for the following discussion.
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Let 1,,, A,, be any two distinct characteristic numbers, that is, m # n and let ¢,,, (x),

¢,(x) be the corresponding characteristic functions. Since y = ¢,,(x) and

y = @y (x) are solutions of Equation (4-10),
d d¢'m = e
CTE ( d.l ) - (q _] xmw) = 0,

d d n | | 2
—— (]) —(;%) - (q T Aﬁw)‘n’:n = 0.

dx

Multiplying the first equation by ¢, and the second by ¢,,, then subtracting the
second of the resulting equations from the first one gives

d de ' i d‘Pn 2 2, B
e a"’ < dx > B dx ( dl'> + ()\ )\")u“pmﬁon = g

Integrating this equation over the finite interval (a, b) yields

2 2 . d d‘Pm . _d den :|
(xn — m)/; WP mPn dr = / [ ( (11 > Cm I (P - dl-,

and integration by parts for the right-hand member results in

dqom(z) o )dwn(n]}

*1-11)

a

(>‘ >\12n)/ WemPn dr = {p(t)[ﬁon( )

Since both y = ¢,,,(x) and y = ¢,,(x) are particular solutions of Equation 4-10,
the right-hand side of Equation 4-11 vanishes when one of the following

conditions is prescribed at each end of the interval (a, b):

y=0 (4-12)
dy )
= =0 (4-13)
dy _ -
—+By=0 (4-14)

Where B is an arbitrary parameter.
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The fact that Equation (4-11) vanishes when Equation (4-14) is satisfied may be
clarified by rearranging the right-hand member of Equation (4-11) in the form
PnPim = OmPn = PnPm — PP T BOm@n = @n(Pm + Bom) — @ (n +
Ben) (4-15)
Particularly, if p(x) = 0 when x = a or x = b, the right-hand side of Equation (4-
11) vanishes, and the condition given by Equation 4-12, 4-13, or 4-14 satisfied at

X = a or x = b can be dropped from the problem provided y and (Z—i’) are finite at

that point. If p(b) = p(a), the orthogonality continues to exist when the boundary
conditions are replaced by the conditions y(b) = y(a) and y(b) = y(a), which
are called the periodic boundary conditions.

As an example, reconsider the characteristic-value problem given by Equation (4-
1). Comparison of Equations (4-1) and (4-10) gives w(x) = 1, and the condition of
the orthogonality for this problem is

fOL O (%) @, (x)dx = fOL sin(?) sin(nLﬂ) dx =0 m#n (4-16)
Which can also be verified independently by direct integration.

We wish to expand an arbitrary function f(x) into a series of this set as

f(X) = bo@o(x) + byp1(x) + by (x) + -+ = X350 by (x) (4-17)
By multiplying both sides of Equations (4-17) by w(x)¢,,(x) and integrating the
result over the interval with the assumption that the integral of the infinite sum is

equivalent to the sum of the integrals,

b o b
Jo wCOf () orm(x)dx = X370 An f, w()@n ()@ (x)dx (4-18)
All terms in the sum on the right of Equation 4-18 are zero except the term

corresponding to n = m.

[P w( f () @n(x)dx
[P w2, (x)dx

n

(4-19)
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4.4Fourier series
In general, one must somewhere in the problem, express a function (for example
f(x)) by a series of eigen functions (for example sin(nmx)). More generally, if the
eigen functions are denoted by ¢,, (x) the expression is then given by;
f(x) = Xnz1 An on(x) (4-20)
¢, (x) can usually be expected to be orthogonal with respect to some weighting

function w(x). In other words;

Fw@e@a={.  gomtn (@-21)
Multiply f(x) by (w(x) ¢,,(x)) and integrate;

Jy WO () m()dx = [ Zitey An w(x) @ (X () dx =

Y1 An f01 w(x) @, (x)@,, (x)dx (Integral =0 for m #n, and = C form =n)
Thus, [ w()f (%) o (x)dx = ApyC

2 Iy W () pm(x)dx = Ap (4-22)

Thus the coefficients have been found since all functions in the integral are known

and the integral can be evaluated. .

Example 1:

Consider the Fourier sine series of the function as; 1

0, —w <2 <0 and L/2 <z < w
flx) = "
I, 0<x < L/2

_ . o 0 L/2 L
over the interval (0, L) (Fig. 4-2). The coeflicients of the series are

~L Li2
2 | 2 /.
b= ), s@sn (3wt = 2 [ 1 sn (%) e

hence the series is
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Example 2: Consider now the Fourier cosine series of the previous example,

where the coefficients of the series are

Multiply each side by cos (mmx):

1 -1 5|
fo x cosmmxdx = jo Y% _oB,Cosnmx Cosmnxdx = Y.5_, B, Jo Cosnmxcosmmuxdx
1 ~1 2 9. 1
fo xcosmmnxdx = B,, JO cos“mmxdx ( cos :—2-(1+cos) )
x2

Form = o—>folxdx=Bofoldx=Bo Bt 2](%:%

. 1 __ By (1 2 _ By mmnx
For m+ o ; fo xcosmuxdx = Efo cos“mnx d(mmx) = E( 5

. B
sin2mmx)]§ = =

Form#0 B, =2 fox xcosmnuxdx = #(cos(nm) =1

2
+Xn-1—3 (cos mm — 1)cosnmx

N =

glx) =x <

Example 3:
Express a function f(x), which is piecewise continuous in the interval (-L, L), in
terms of both sine and cosine having the common period 2L (where the function

repeats its behavior periodically for all values of x as shown in Figure below).
u
4

- 1

—or 5 A 0o 1 3L

So far, we have seen that any piecewise continuous function can be expressed
in the interval (0, L) by a series consisting of sines or cosines with the common
period 2L. When the function is odd, the sine series representation is valid in
the interval (—L, L), whereas for an even function the cosine series representa-
tion holds in the same interval.
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Noting that
f®) = 3f(@) + f(—2)] + 3f@2) — f(—2)),

where the function in the first brackets is even and that in the second is odd, we
arrive at the fact that an arbitrary function can be expressed as the sum of an
even function and an odd function. Hence

J(@) = f.(x) + folx).

Expressing f.(z) in terms of cosines and Jo(x) in terms of sines in the interval
(—L, L), we have

Je(x) = ag + i an cos (nmw/L)x,

n=1

Jo@) = 3 busin (nr/Lz,

ne==1

where

L L
ayg = %/0 fe(z) dz, Ay = lz—,/o fe(z) cos (%I)xdr,

L
2 -
b= E/o fo(z) sin (%j—r) x da.

. . e ¢ ‘. I‘
Since the integrands of these equations are even functions of x, replacing [§ by
3 f L, gives

L L
1 , _ 1 [ . (M) 5
4o = 57 /_Lf(.v) dz, an = 7 _Lf(z) cos | 7~ ) wdz,

L
by = i /—1, f(x) sin (ELE) x dax.

f(x) = ag + Zw: [a, ¢os (nm/L)x -+ by sin (nm/L)z), —L <z < L.

n=

Li2

1
L
1 N dp = - il
a0=—2—~I:[_Lf(a,)d:c—2L 0 1-dx A
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L L[2
1 nrY g o 3 i (2% Yage = Lgn 28
In = F _Lf(a,) cos (~—L~->xd.r, L/o 1 (,OS(L).L dx = ——sin 5
1 II
. [(n
bn - L —Lf(.l) S <—E>J dx
. Li2
. (nm n
E/o 1 sxn(-L«).vd:c—?Tw(l — €O 2)
Therefore,
f(x) —-1~} 1s~1 sin (25 ) cos (2% )z + (1 — cosZE qin(ﬁf)x],
A S 2 i h SRR L ¥ 2

4.5Homogeneous Problems
A differential equation is linear if it contains no products of the dependent variable
or its derivatives (u* or uuy terms are not permitted).
(uuy + vuy, = vuy,) Nonlinear Equation
A boundary condition is linear if it contains no products of the dependent variable

or its derivatives.

aT
—k — =Co(T*—-TH Nonlinear B. C.
dx x=L

A differential equation 1s homogeneous if when it 1s satisfied by (u) it 1s

also satisfied by (cu) where(c) 1s an arbitrary constant (¢= o 1s special case).

U +q'° =ug  Non Homgeneous Equuation
Cuy, +q°" = cuy
oF (il qT = uy) which 1s not identical to the original equation.

10
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A boundary condition (different form the initial condition) is homogenous

if when satistied by (u) 1t 1s also satisfied by (cu) where (c) 1s an arbitrary

constant:
2t = h(T —T,) NonHomogenous B.C.
oxly=p
aT _ _
—kCasz —h(CT T,)
aT T : o I ; . "
—k— = h(T —-%) which is not identical to the original B.C.
ox ¥ C

A homogeneous linear problem will be defined as one in which both
the differential equation and its B.Cs. are homogeneous as well as linear.
Both these restrictions are essential for separation of variables to be directly
applicable

A linear diff. equ. and the B.Cs. are homogeneous when all terms

include either the unknown function or one of its derivatives.

4.6The Method of Separation of Variables: Steady, Two-dimensional
Cartesian Geometry
For two-dimensional, steady-state conditions with no generation and constant

thermal conductivity, this form is, from Equation 1.17,

2 2
To appreciate how the method of separation of variables may be used to solve two-
dimensional conduction problems, we consider the system of Figure 4.1. Three
sides of a thin rectangular plate or a long rectangular rod are maintained at a
constant temperature T;, while the fourth side is maintained at a constant
temperature T, # T;. Assuming negligible heat transfer from the surfaces of the

plate or the ends of the rod, temperature gradients normal to the x—y plane may be

11
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neglected (92T /0z? = 0) and conduction heat transfer is primarily in the x- and y-
directions.
We are interested in the temperature distribution T(x, y), but to simplify the

solution we introduce the transformation,

I
p—

A\ —T,80
T-T, '

6= (4-2) W

,-Ty

By Substituting Equation 4.2 into Equation

4.1, the transformed differential equation is T, 6=0 Ry STy, 6=0
then,
05 ) X
920 9%0 _ T, 6=0
T 5= 0 (4-3)

Figure 4.1: Two-dimensional conduction problems,

sides of a thin rectangular plate or a long rectangular

Since the equation is second order in both x and y, two boundary conditions are
needed for each of the coordinates. They are,

0(0,y)=0, 6(x,00=0, 0(L,y)=0, 6(x,W)=1

Note that, through the transformation of Equation 4.2, three of the four boundary
conditions are now homogeneous and the value of @ is restricted to the range from
0 to 1. We now apply the separation of variables technique by assuming that the
desired solution can be expressed as the product of two functions, one of which
depends only on x while the other depends only on y. The essential features of the
method will now be illustrated by means of a steady two- dimensional example.

Consider the second-order partial differential equation,

9%6 20 %60 00
a, (x) Fy®) + az(x)g + az(x)8 + by (y) ay2 + b, (y) ay + b3(y)6 =0 (4-4)

12
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A more generalized form of this equation which involves coefficients as functions
of both independent variables is not suitable for the separation of variables. That is,
assume the existence of a product solution of the form

Oty = Xeo) Yoy (4-5)
Where X is a function of x alone and Y is a function y. This assumption becomes
meaningful when the two functions X and Y actually satisfy separate differential
equations.

Introducing Eqg. (4.5) into Eq. (4.4) and dividing the result by XY yields

0,00 22 + a4, () 2+ a3 (0)x] 2 = = [ 25 + b, () L+ by()Y] 2= 0

ay dy
(4-6)

It is evident that the differential equation is, in fact, separable. That is, the left-hand

side of the equation depends only on x and the right-hand side depends only on y.

Hence the equality can apply in general (for any x or y) only if both sides are equal

to the same constant. Identifying this, as yet unknown, separation constant or

separation parameter as (+12) or (- 1%), we then have

0, () T2 + 4, () 2 + a3 (0) + 221X = 0 (4-7)
by () T+ by (1) 2+ [b3 () £ A%]Y = 0 (4-8)

The method of separation of variables is applicable to steady two-dimensional
problems if and when,

I. One of the directions of the problem is expressed by a homogeneous
differential equation subject to homogeneous boundary conditions (the
homogeneous direction), while the other direction is expressed by a
homogeneous differential equation subject to one homogeneous and one

nonhomogeneous boundary condition (the nonhomogeneous direction).

13
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ii. The sign of 4% is chosen such that the boundary-value problem of the
homogeneous direction leads to a characteristic-value problem.

The solutions obtained by the separation of variables are in the form of a sum or

integral, depending on whether the homogeneous direction is finite or extends to

infinity, respectively.

XX =0 (4-9)
giyz _ /12Y =0 (4-10)

The partial differential equation has been reduced to two ordinary differential
equations. Note that the designation of A% as a positive constant was not arbitrary. If
a negative value were selected or a value of 4> = 0 was chosen, it would be
impossible to obtain a solution that satisfies the prescribed boundary conditions.

The general solutions to Equations 4.9 and 4.10 are, respectively,

X = C;cosAx + C,sin Ax (4-11)
Y = Cie™ + CpetV (4-12)
in which case the general form of the two-dimensional solution is

6 = (C, cosAx + C,sinAx)(Cse™ + Cet?) (4-13)

The classical method of separation of variables is restricted to linear homogeneous
P.D.E.

Example 1: A two-dimensional rectangular plate is subjected to the boundary
conditions shown in Figure 4.1. Derive an expression for the steady-state
temperature distribution 6(x, y).

Solution:

The transformed differential equation (applying Eq. 4.3) as,

926 926

22427
dx? dy?

The boundary conditions are needed for each of the coordinates as,

14
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6(0,y)=0, 0(x,00=0, 0(L,y)=0, 0@, W)=1

Assume the existence of a product solution of the form (Eqg. 4.5)

Oxy) = Xx) Yoy

Where X is a function of x alone and Y is a function y. The solutions obtained by
the separation of variables are in the form of a sum or integral, depending on

whether the homogeneous direction is finite or extends to infinity, respectively.
D¢ 2v
=T A*X=0

e 2v
a—yz—/l Y=0

The general form of the two-dimensional solution is,

O(xy) = (C;cosAx + C; sin )Lx)(Cge"ly + C4e+'13’) (4-14)

Applying the condition that 6(0, y)= 0, it is evident that C;= 0. In addition from the
requirement that 6(x, 0)= 0, we obtain

C,sinAx (C3+C,) =0

which may only be satisfied if C;= -C,4. Although the requirement could also be
satisfied by having C,= 0, this would result in 8(x, y)= 0, which does not satisfy the
boundary condition (x, W)= 1. If we now invoke the requirement that 6(L, y)= 0,
we obtain

C,C4sin AL (e’ly - e"ly) =0,

The only way in which this condition may be satisfied (and still have a nonzero
solution) is by requiring that assume discrete values for which siniL= 0. These

values must then be of the form,
1= n=123,..
L

where the integer n= 0 is precluded, since it implies 8(x,y)= 0. The desired solution

may now be expressed as

15
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. nmx ( MY _nny
9=C2C451nT(e L —e L )

Combining constants and acknowledging that the new constant may depend on n,

we obtain

. . nmx . nmy
0(x,y) = Cysin - sinh -

nmy —nmy

where we have also used the fact that (eT — eT) = 2sinh (nLﬂ) In this form

we have really obtained an infinite number of solutions that satisfy the differential
equation and boundary conditions. However, since the problem is linear, a more

general solution may be obtained from a superposition of the form
Oxy) = 2n=1Cn sinnLﬂsinhnLLy
To determine C, we now apply the remaining boundary condition, which is of the

form

Oy =1=2n=1Cy siniﬂsinh# (4-15)
Although the above equation would seem to be an extremely complicated relation
for evaluating C,, a standard method is available. It involves writing an infinite
series expansion in terms of orthogonal functions. An infinite set of functions

91(%), 92(X), ..., gn(X), ... is said to be orthogonal in the domain a <x <b if

[7 G () gn(x)dx = 0 m#n

Many functions exhibit orthogonality, including the trigonometric functions
sin(nzx/L) and cos(nzx/L) for 0 < x < L. Their utility in the present problem rests
with the fact that any function f(x) may be expressed in terms of an infinite series
of orthogonal functions

f(x) = Xnz1 Angn(x) (4-16)
The form of the coefficients A, in this series may be determined by multiplying

each side of the equation by gn,(x) and integrating between the limits a and b.

16
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b b co
fa fO)gm(x)dx = fa Im (%) Ln=1Angn(x) dx
However, from above equation it is evident that all but one of the terms on the

right-hand side of equation 4.16 must be zero, leaving us with

[P F O gm@)dx = Ap [ g7 ()dx (4-17)
Hence, solving for A, and recognizing that this holds for any A, by switching m to
n:

_ S F0gn(ax
Jo gh () ax

n

The properties of orthogonal functions may be used to solve equation 4.15 for C,
by formulating an infinite series for the appropriate form of f(x). From equation
4.16 it is evident that we should choose f(x)= 1 and the orthogonal function g,(x)=
sin(nzx/L). Substituting into equation 4.17 we obtain,

L . nnx
_ Jy sin—ax (-D)™ 141

n

An

— 2
L . ,nmx
22 T
fo sin“— dx

Hence from equation 4.16, we have

_q\n+1
1=y, 2 S5 sin ™= (4-18)

n L

which is simply the expansion of unity in a Fourier series. Comparing equations

4.15 and 4.18 we obtain

_ 2[(=1)™*1+1]

nmn sinh(@)

C, n=1,2,3, ... (4-19)

Substituting equation 4.19 into equation 4.14, we then obtain for the final solution

17



Steady-State Two-Dimensional Conduction Heat Transfer Chapter: Four

9 2 oo (1) 14+1 sin Sinhn—:y (4-20)
(XJ’) - T n=1 n L Sinhr”zw 0.7

The above equation is a convergent series, from

which the value of 8 may be computed for any x and

0=0 f=0
=01

y. Representative results are shown in the form of

isotherms for a schematic of the rectangular plate

(see Figure 4.2). Figure 4.2: Isotherms and heat flow lines for two-

dimensional conduction in a rectangular plate.

-
=

e

=

|

Example 2: Ao

I
Derive an expression for the steady-state ,

temperature distribution 6(x, y) of the extended - :

surface as shown in Figure (4-3) for a finite heat

transfer coefficient (h).

Solution: lh. 0
) ) . . Figure 4.2: 2D extended surface.
The transformed differential equation (applying Eq. 4.3) as,

920 | 9%6
o T 5= 0
The boundary conditions are needed for each of the coordinates as,

0(0,y) =6,, 6(cw,y) =0, 00(x0) _ _k 96 (x,1)

dy oy

= h6(x,1)
Assume the existence of a product solution of the form (Eqg. 4.5)

Oxy) = X Yo

18
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Where X is a function of x alone and Y is a function y. The solutions obtained by
the separation of variables are in the form of a sum or integral, depending on

whether the homogeneous direction is finite or extends to infinity, respectively.

9%x

ox ax2 AZ ,9(0,y)=90, Q(OO'Y)zo

%Y | oy 36(x,0) _ 00D _

ayz+/1Y—0 " oy =0, k 3y = h6(x,1)

The general form of the two-dimensional solution is,

Oxy) = (Cle"l" + Czellx)(C3 cos Ay + C, sin Ay) (4-21)
Applying the condition that ——= 69(x 9 =0, S0

ae(xy) = (Cre™ + C,e™) (A C3sin Ay — 1 C, cos 1y) (4-22)

—696(;'°> =0 = (Cre™ + C,e*) (A C5sin(A x 0) — A C, cos(A x 0))

From this condition, it is evident that C,= 0. Therefore, the characteristic function

20 (x,1)

is (cos Ay). In addition from the requirement that — = h6(x, 1), we obtain
—k (Cre™ + C,e?) (A C5sin(A)) = h (Cre™ + C,e™)(C5 cos AL)

tan Ay =

W‘IB‘

l . Al .- . hl .
X< X+=—Bior cotAy = —, where Bi is Biot number (— = Bi)
A l Al Bi k

. j Anl
The characteristic values are the roots of [ tanA,y = i—; or cotd,y = Bil_] as
'

shown,
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Now, by applying the condition in x-axis (6 (o, y) = 0) as

O(coy) = (Cre™n® + Ce**)(C5cos4,y) =0 , From this condition, it is
evident that C,= 0.

Oxy) = 2n=14n e ¥ cos A,y (4-23)

For last condition (6(0,y) = 6,),

B0 = Y= Ay 49 cos Ay

B = Ty Ay COS Ay (4-24)
Although the above equation (4-24) would seem to be an extremely complicated
relation for evaluating A,, a standard method is available. It involves writing an
infinite series expansion in terms of orthogonal functions. An infinite set of

functions gi(x), g2(X), ..., gn(X), ... is said to be orthogonal in the domain a<x<b

if, [ gm(x)gn(x)dx = 0 m#n
The form of the coefficients A, in this series may be determined by multiplying

each side of the equation by gn,(x) and integrating between the limits a and b.

b b o
fa f)Gm(x)dx = fa Im (%) Xp=1 Angn(x) dx
However, from above equation it is evident that all but one of the terms on the

right-hand side of equation 4.16 must be zero, leaving us with
b b

J, FGm(x)dx = Ap, |, gm (x)dx (m=n)

Therefore, 9, fOl cosd,ydy = A, fol cos? A, ydy

g ¢ . Ag Ay - 1 . L
ﬁ [sinA,,y]} = . [T +2sin Zlny]o

20, sin A, l = A, [A,,l + sin 4,1 cos A,1]

_ 26 sin Ayl
- Apl+sin Ayl cos Ayl

An

Hence, the steady-state temperature distribution 6(x, y) of the extended surface is,

e(xy) sin A, 1 -1
—== =23 ( z ) e "n* cos A
6o Zn—l Apl+sin Ayl cos Ayl ny
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4.7Nonhomogeneous Problems
There are many engineering problems in which the P.D.Es. and/ or the B.Cs. are
not homogeneous. An example would be a plane-wall, nuclear reactor fuel element

which is suddenly turned on. The P.D.E. describing this problem is:

9°T |, g _ 10T

0x2 k  aodt (4_25)

The generation term (%) makes the above equation non-homogenous. Another

example would be a plane wall subjected to an ambient fluid whose temperature is

fluctuating with time, defined as;

Pr_1am.  aren
9x2  aot'’ dx

In this case, the P.D.E. is homogeneous as is the B.C. at (x= 0). The B.C. at (x=L)

=0 ,T(Lt) = Asin(wt)

IS non-homogeneous (but linear), and consequently the problem is non-
homogeneous, (but linear). The above examples cannot be made homogeneous by
simply subtracting a constant from (T) [ =T — Const.] as can be done in the
lumped heat capacity problem. This section will discuss two methods of handing
these more complicated problems;

v" Partial Solutions.

v" Variation of Parameters.

v' Partial Solutions
A non-homogeneous problem can often be converted into a homogeneous one by

the use of "Partial Solution" to the nonhomogeneous problem. A partial solution is
one that satisfies only a part of the original problem. In a transient problem the
most common partial solution would be the steady state solution. It satisfies the
B.Cs. but not the initial condition. In addition, it deletes the time derivative from
the P.D.E.
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The steps in obtaining solutions to non-homogeneous problems by using the
steady-state solution are;

1. Let 6 = 6, + 6, where 6 the general solution, 8, is homogenous solution and
8, is partial solution.

2. Determine the steady-state solutiong,,.

3. Introduce (6, = 6 — 6;,) to make the problem homogeneous.

4. Solve for (8,) in the usual manner (Separation of Variables).

5. The complete solution is (6 = 6, + 6,).

Example 3:

Consider an electric heater made from a solid rod of rectangular cross section
(2Lx21) and designed according to one of the forms shown in Figure 4.3. The
temperature variation along the rod can be neglected. The internal energy
generation (g) in the heater is uniform. The heat transfer coefficient (h) is large.

Find the steady-state temperature of the electric heater.

Solution: !F p
0
The formulation of the problem in Figure 4.3 is i \ A
A)

920 320 g _ 0~ i -
et t =0 (4-26) ;’
The Boundary conditions are, ; 0 =

l
20(0,y) _ 96(x,0) _
— =0 3y =0 1 L—ele——L—
Q(L, y) =0 H(X, l) =0 \()
The above partial differential equation, being Figure 4.3: electric heater with rectangular

_ Cross section area.
Non-homogenous, is not separable.

Therefore, the general solution of the problem is now assumed to be,
0(x,y) = Op(x,y) + 0,(x) (4-27)
Orv H(X, y) = Hh (x' y) + ep (y) (4_28)
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0, (x,y) is solution of homogeneous part of the partial differential equation
[V20,, = 0] with neglecting (g).

920
L4
dx?

8,(x) or 8,(y) is partial solution part of the partial differential equation [

g _ PO 9 _
k—O]or[ay2+ k—O].

With the inclusion of the internal energy generation (g) in the formulation of the

One-dimensional problem, 8,(x) or 8,(y) , the differential equation to be satisfied

by the Two-dimensional problem, 8;,(x, y), can be made homogeneous.

Partial solution part:

026 j j
_p+%:() — 9p=ix2+Ax+B

0x2

960, (x=0) _

B.C.1: ™

0 — A=0

BC2:0(x=1L)=0 — B=2]2

- 2
— 9 12 X
6y =21 (1 -3 ) (4-29)
The homogeneous solution part:

0% , 90 _

32 T 3y 0 (4-30)

B.C.1; 2000 _
O0x
B.C.2: 6,(L,y) = 0

004 (x,0) _

B.C.3: 3y

0

B.C4:0,(x, 1) = —0,(x)
From Eq. 4.27, 6(x,y) = 0,(x,y) + 6,(x),

_ _ 00p(xy) _ 96(xy) 96p(x)
Hh(x, y) — H(x, y) ep(x) — ay - ay dy -

Now let, 0, (x,y) = X(x).Y(y) (4-31)

0

23



Steady-State Two-Dimensional Conduction Heat Transfer Chapter: Four

Applying Eqg. 4.31 into Eq. 4.30,

X' _ _Y'0) _ _y2
X(x) Y()

Therefore, 6;,(x,y) = (C; cos Ax + C, sin Ax) (C3 cosh Ay + C, sinh ly)  (4-32)
FromB.C1,(,=0 & FromB.C3,(, =0

Thus, 8, (x,y) = C; cos Ax C5 cosh 1y (4-33)
FromB.C.2: 0 = C; cos AL C5 cosh Ay 0 = C cos AL cosh Ay

Sincecoshdy #0 cosAL=0 AL = %(Zn +1) (4-34)
_T (2n+1)

An = 2 L

Thus,  6,(x,y) = Yoo C,cos A x cosh A,y (4-35)

X

- 2

FromB.C.4: Y>_,C, cos A,x coshA,l = —iLZ (1 — (Z) ) X (cos A,x)
- 2

C,, cosh 1,1 fOL cos? A, xdx = — fOL%LZ (1 — (%) )cos A, x dx

: 2
C, coshlnlg =— fOLZ‘ikLZ (1 — (%) )cos A,x dx

-1 2

2 x)?
C = cosh 4, .70 ZkL (1 (Z) )COS Apxdx  —
oL gbl(_(®)
Cn = coshi,l k fO (1 (L) )COSAnX dx

2
Now, taken: fOL (1 — (%) ) cos Apx dx= fOL cos A, x dx — b—lz fOL x% cos Ayx dx

Integrating left hand side, f cos A,x dx = A—sml L= % i 2n“zL = —( 1)"

Integrating right hand side, f x? cos Apx dx =
u dv "

n
X2 sin Anx] L 2 fL sin A, xdx
0 An

_ x2%sin )lnx] L 2 (X —COS Apx fL cos lnxdx)

A 10 1, An 0 A,

xzsin)lnx] L 2 L 2 . L
= —xcosA, x| ——|[sinA,x
/111, 0 + An n | 0 An3 [ n ] 0
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n .
_x SZ’L ad +/1 2xcosAnxl - 351n/1nx|g
2 .
=L S;;’l”L+TLcos/1 L— 351n/1 L——( 1)"+—2(O) 3(—1)”
=(=D" ———)

L x\2 (D" (- 12 2
So, J, (1 — (Z) )cos/lnx dx= _ln -0 G- Z) = L2,1 - (—D)"

n

-1

—_ _1\n — n
Cn = cosh 4,1 k L2,1 3( ) kLZ/'Ln coshAn =1
= —24 gI? X\ 2
0(x,y) = Z —1)"cosA,x cosh A +—<1— — )
) Likiea,? cosna 1 Do v+ (1-G)

O(xy) _ 1 (x)2 w (=1™ coshA,y
gz 2 (1 L 2 Xin=0 (AnL)3 cosh A1 €0s Ay x
2k

v" Variation of Parameters
In some cases there may not be steady-state solution or you may not be able to find

it. In these cases; variation of parameters method may be used. The procedure is
outlined as follows;

1. Set up a problem corresponding to the original one by simply setting all the non-
homogeneous terms equal to zero.

2. Determine the eigen-functions and eigen-condition for the “corresponding
homogeneous problem”.

3. Construct a solution to the original non-homogeneous problem of the form;
0(x,t) = Ln An(£)Pn(x)

Where, the @,(x) is the eigen-functions you have obtained above from the
corresponding homogeneous problem.

4. Evaluate A,(t) in the usual manner making use of the orthogonally of the @,,(x).

Thatis; [ 0(x, ) on(0)dx = 35 Ay (©) [ 9n()@m(x)dx = CAp (D)
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Or, A () = ¢ f; 0(x, t) @ (x)dx

Here 6 is still unknown.

5. Setup an O.D.E. and B.Cs. for A4,,,(t).

6. Solve for A4,,,(t).

7. Complete the solution; 6(x,t) = Y., A, (t)D,,(x)

Example 4:
Consider a plane wall whose initial normalized temperature is zero. The face (x= 0)

Is suddenly changed to a normalized temperature of unity at zero time, while the
face at (x= 1) is maintained at the initial temperature. Determine the temperature
distribution.

Solution:

(1) Set every non-homogeneous term equal to zero, thus the problem will be;

e, 08

— =L .. (1)

dx* dt

.C. 8,(x,0)=0

B.C.1 8,(0,t) =0 R -+

B.C.2 6,(1,t) =0

(2) Determine the eigen-functions.
Let 8,, = X(x)t(t) s (3)

X r ;
Thus; — == = —)?
X T

X" +2*X=o0 X = A sinAx + B cosAx

X(0) =0 X(0)=0 —=B=o

X(1)=0 X(1)=0 —=sinA =0,4, =nnm
Therefore;
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®,(x) =sin(nmx) ... (4)

(eigen-function corresponds to the homogenous problem)

3- Construct a solution;

B (x,t) =37, A4, () D, (x) = X%, 4, (t) sin (ax) ... .... (5)

4- fol B(x, t)sinmuxdx =Y, -1 A, (t) fol Sinnmx sinmmxdx = %A’"(t)

where; A, (t) =2 fol B(x,t) sin(mnx)dx .......(6)

5- Set up an O.D.E. for A, (t) by differentiating with respect to (t). Thus;
dA,, (t) -2 J-l a8(x,t)

e - sin(mmx)dx

a‘e a6 a8 (x,t) %8 (x,t)
— —

, hence:

Now, since:

dx? at at dx?

dA;, (1) = 10%6 - o {(()6 " ) 1 190 . }
R fo — sin(mnrx)dx = 2 S-sinmmx ) o—mn fo == COS mmxdx

. a6 . .
Noting that: - (L) 1s unknown, but sinmmrl = o forx = 1.

i a0 ; i .
Similarly = (0.t) 1s unknown, but sin mm0 = 0 for x = 0.

dAm ()

- y 196
Thus: —2mn fo — CoS mmxdx

= —2mn {[9 cosmm |y + mm fol 6 sinmnxdx}

dA,;, (1) —

dat

—-2mm {0(1, t)cosmm — 6(o,t) 1 + mnAmz(t)}

dANI ( t)

_ %2
s 2mm — mem©A,, (t)

dAy
dt

+ m? A, =2mn .....(7)
LC. An,(0)=2[] 6(x,0)sinmmxdx — A,,(0) =0
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Equation (7) can be solved using integrating function ( 1 );
I=exp[m?n?dt=e™mt

d i 22 e 2e?
Then; E(Ame'" T — ImpeeRt

2.2 2mm Pt
mem=t - 2A mem<t
Am.e T e F Cl

2
An(0)=0->C; = =
g _ 2 2 _m2m?t
Thus; An(8) = mmr  mm €
2 2 .
Hence,from (5) 6(x,t) = fo=1(;— — e "™ ) sin nmx

—n.21r2 t

2 sin mx 2 sinmxe
Or; 6(x,t)= P ZfﬂT T ) 3o 5
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4.8Cylindrical Geometry

The inherent nature of cylindrical coordinates implies three types of 2-D problems
in the form T(r, ), T(r,z) and T (¢, z), see Figure 4.4.

Since T (¢, z) has no physical significance (except in thin—walled tubes, which can
be investigated in terms of Cartesian Coordinates), it is not considered here. T(r, z)
may depend on the expansion of an arbitrary function into a series in terms of
cylindrical (Bessel) functions. Problems of the type T(r, ¢), on the other hand,
require no further mathematical background than that needed for Cartesian

geometry.

Figure 4.4: Infinitely long rod with cylindrical coordinates.

When a problem of type T'(r, z) is orthogonal in the (r-direction), it can be solved
by the proper choice of the separation constant leading to a 2" order O.D.E. in (z)
satisfied by hyperbolic function, and to Bessel equation in (r). If the z-direction is
orthogonal, the problem do not need additional mathematics and can be solved by

using circular functions in Z and the modified Bessel functions in (r).
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Example 5:
The surface temperature of an infinitely long solid rod of radius R is specified as

f (@), see Figure 4.4. Find the steady-state temperature of the rod.

Solution:

For steady—state% = 0, No heat generation g = 0, 2D % =0

Thus: 22 (r20) + 2 (Z%) ~= 0 (4-36)

a%T oT 1 (0%T
G2)+:G)+ = (G) =
And the problem boundary condition as:
T(0,¢) = finite , T(R, @) = f(o),

oT (r,) _ OT (r,+21)
rdQ - rdQ

T(r,p)=T(r, ¢ + 2m),

The r-direction cannot be made orthogonal by any transformation. This leaves (@)
as the only possible orthogonal direction. Hence the product solution T(r, @) =
R(r)¢(¢) with the proper choice of the separation constant yields

T(r,¢) = R(r)¢ () (4-37)
By substituting Equation 4.37 into Equation 4.36 to obtain that
(G2 e@) +1(520@) + 5 (Fa2R@)) = 0 owisingty (R($())

(B0 /r(r)) + (B0 /R + & (T2 ¢“")/¢<<p))—o
r2 (2 /R + 7 (B2 /RM) = — (B2 /(p)) =

afS” +22¢(p) =0 WithB.Cs. T(r, ) =T(r, ¢ +21) & "’7;20@ - 6T<:;0;2ﬂ>
0°R OR . o

P2 (—ar(;)) +r ( a(:)) —2R() =0 with B.Cs. T (0, @) = finite

¢(p) = AcosAp + B sin Ap (4-38)

AsinAp + BcosAdp = AsinA(@ + 2m) + BcosA(¢ + 2m)
But, sin Ap = sinA(¢ + 2m) = sin A@ cos 2Am + cos A@ sin 2An
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cos A = cos A(@ + 2m) where 1 = n, n=20,12,...

¢ (@) = Ay cos(ng) + B, sin(ng) (4-39)
Sol. of (5) 72R"+rR" —A*R =0
Let: r=e* > z=Inz%

pr—dR _dRdz _ 1 dR

o dar o dz dr T Az
I _ g =k () S [ L d%
darz dr \dz 2 dz rZ dz?2
d?R dR dR
Thus; ——-— +— —=2A2R=0
dz? dz dz
d?R
Or: —X2R=0
dz?

Thus: R=ce® +De ¥ = getW 4 Pe—Ar

Or; R=cr*+Dr* ....(7)

Or; (A =n);

R= €;¥" +Dsr™™"

B.C.1 R(0)= finite » D, =0

Hence;: R; =Cr" ...... (8)

Thus: T(r,¢) =YX, R, ®, =Ry ®y + X7=1R,, O,
Hence: T(r,d) =ag + Xp=17"(a, cos(nd) + b,, sin(nd) ..(9)
Where:, @ =350 » Gy =40 » B =80,
Using B.C.2:

f(®d) =ay +X7-1R" (a, cosnd + b, sinnd) .......(10)

ap = 5= f," f(@)dd
an R, = %IOZNf(Q)) CcoS 'n.(b d(i)
b RE = % foznf((b)sian)d(b
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For the problem defined by:
TR, D) =Ty O<d<m
=0 n<d<2m

Equ.(11) gives:
) L
ag = E TO
a, =0 e 0—=1.3.5..4
b, R" =21y [nnm
Thus: B

T(rg) _ 1 oo 0 I P XS
i 2 +2 Z"=1nn (R) sin(nd)
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4.9Spherical Geometry

]

When a spherical problem depends on the T(r, 8, o)
cone angle (8), see the figure, its solution can
be reduced to the expansion of arbitrary

function into  series of  “Legendre

Polynomial”. The linear 2™ order differential

equation with variable coefficients.

The linear second-order differential equation

with variable coefficients Figure 4.5: Spherical coordinates.

(1—x)d2 2x—+n(n+1)y—0 (4-40)
Is known as “Legendre's Equation”, and its solutions are known as “Legendre’s
Functions”. In particular, when (n= 0) or a positive integer, the solutions of (4-40)
are called “Legendre Polynomial”. The solution of (4-40) may be obtained by the
method of power series as;

y(x) = agPy(x) + a;Qn(x) (4-41)
Where,

P,(x) is Legendre Polynomial of degree (n) of the first kind.

Q,,(x) is Legendre Polynomial of degree (n) of the second kind.

Hence the Legendre Polynomials B,(x) are the characteristic functions of the
characteristic value problem stated by [ ZI l(l 'l—z] +nn — Dy=0 1.
These polynomials form an orthogonal set with respect to the weighting function
w(x) = 1 over the interval (-1, 1); that is

1 - _
/ Py (x) Pp(z) de = 0 if m # n. (4-42)

—1

Now the expansion of an arbitrary function f(z) in terms of appropriate

Legendre polynomials, the Fourier-Legendre series, may be written in the form
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fla) = i aPp(x), -1 <2<1

n=0
Here the coefficient a,, again follows
= f1_1 f(x) Pp(z) d (4-43)
" (L P da

4-44
/ f(x)Pn(z) do = S ‘f flz )d - (22 — D" dx. (4-44)

If f(x) and its first n derivatives are continuous in the interval, integrating the right-

hand side of the above equation n times by parts gives

1
d"f(a)
» . i d
[ e a = °mu/( don (4-45)
Now, replacing by in the above equation, and employing the n™ derivative of
' > (4 d" Pulzy (20!
equation [ p,(z) = onp! d?:"( Cder T 2nn)

we find the denominator to be

L 1
2 2n)! e
,/;1 Pn(T) dr = .2—2(71(,:3!)2 Ll (l = xz) A (4'46)

The right-hand side of the above equation integrated n times by parts yields

1
22n -1 (n 1)2 (4-47)
_ 2ng. @
[—1(1 ) dx = @n T DT

Introducing Equation (4-47) into Equation (4-46), obtain

1
2 > ¢ — 2 —
/;1 Pn(l) dx == n _;_ 1 (4_48)
Hence the coefficient (a,) becomes,

(on 4+ 1

1
4 S@Pa(@) da,

(4-49)
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The second form of Equation (4.49) can be used only if f(x) and its first n
derivatives are continuous in (-1, 1).

Furthermore, noting that P,(x) is an even function of x when n is even, and an odd
function when n is odd, we have

For an Even function f(x),

1
2n + 1 2)Pg(z) dz, e
@ — {( n )[0 f(x)Py(z) dx n even, (4-50)
0, n odd,
For an Odd function f(x)
(2n + 1) / f@)Pu(x) dxv,  n odd,
Up = (4-51)
0, n even,
Example 6:

The surface temperature of a sphere of radius R is specified in the form f(68). Find
the steady-state temperature distribution of the sphere.
Solution:

The formulation of the problem
, T 1. 9 3_7_7> =0
ar (” 8r> * Sino a0 (S‘" "0 :
T(0, 6) = finite,
T(R, 6) = 1(9).
The missing boundaries in the #-direction will be discussed later.

Since 4 is the only possible orthogonal direction, with the appropriate choice of

separation constant the product solution [T (r, 8) = R(r)9(0)] yields

1 d dd\ | d’® | . d&
s L A3 = O, w2 — — - 0
sin 6 db (5“‘0do> and e S oh g A
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First rearranged in the form g 2
? 1 d(1—cos’0 di) e B
sin 6 do sing  db
Then transformed with x = cosf — [i =22 _ §in 91] and [E =B _
de deo dx dx do dx do

i, :

in 6 —], may be written as,

Sin dx] y i[(l . 3;2) @]_}J n(n + 1)6 = 0’
dx dz

where n(n + 1) = X\. This is a Legendre equation. Its particular solution,

finite at * = +£1(6 = 0, ), 18

O, = An¥a(0), Yn(8) = P,(cos 0), characteristic functions,

n—=0,1,23, ..., characteristic values.

Here the condition of finiteness specifying the characteristic functions and
characteristic values takes care of the two missing boundary conditions in the 6-

direction. The general solution of the equidimensional equation given by:

(Rn('l') = Cpr™ 4 DnT—(n-IAI) wheren = —% + (A + Y%

Thus, (Rn(?") = Cpr".

Thus the product solution of the problem is

T(?', 6) = E anTnPn(COS 0)! wher& 1y, = An(:'rnv

=0

The use of T(R_ §) = f(@)wnd reduced the above equation to

o0

f(6) = Z a, R"P,(cos ),

n=0
which is the expansion of f(8) into a Fourier-Legendre series. Here the coefficient
@, 1% readily obtaincd

G, R = gn_;:_l / f(8)P,(cos 6) sin 6 d6
0
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In particular, if the surface temperature is specified| as

770, 0 <8< 71'/2,

T(R’o)zf(0)=l0 /2 <0<

1
2
e, R" = T, (ﬁzil-) /0 P, () di

— T}Tofld:c -
0 )

1
u R = gTO[O zdx = 3T,,

02R2 = 0,

Z 1
asR® = - 4T, /0 (52° — 3z) dx = —%To,
a4R4 = 0,

1
asR® = 1L. 1T, /0 (632° — 702° + 152) dx = 13T,

Hence the solution of the problem is

T(r,6) 1 ’
_(,; ”(.)_) = s+ %(—;—?—) Pi(cos 6) — 1—2 (%) P3(cos 8)

-

5
+ ;)—;(%) Ps(cos 6) + - - -
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4.10 Heterogeneous Solids (Variable Thermal Conductivity)
Heterogeneous solids are becoming increasingly important because of the large
ranges of temperature involved in problems of technology, as in reactor fuel
elements, space vehicle components, solidification of castings ...etc. The equation
of heat conduction for heterogeneous solids;

Cartesian coordinates

selkse) 5 (k) + S (k5) + 9= G5

Cylindrical Coordinates

1aar(k ar)+%%(ka¢)+ —(kZ—Z)+ g = pCP?)_:

Spherical Coordinates

rizéf_r(krzg_:)-l_rzsilnze %(kg_;)—i_ rzslmeae(ksmg )+ g = ’DCPE

If k, Cp, g are functions of space only, the above three equations become a linear
differential equation with variable coefficients. If (k & C,) are dependent on
temperature but independent of space, however, the above equations become
nonlinear and difficult to solve. Usually numerical methods have to be employed.
A number of analytical methods are also available. One of these, Kirchhoff's
method, is to a large extent general.

Above equations may be reduced to a linear differential equation by introducing a
new temperature O related to the temperature T of the problem by the Kirchhoff

transformation,

1 T
0 = o fTR k(T)dT (4-52)
where T denotes a convenient reference temperature, and kg = k(Tg) . Tg and kg are

introduced merely to give 6 the dimensions of temperature and a definite value. It
follows from Eq. (4-52) that
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d6 _ k dT

dt kg dt (4-53)

Ve == vr (4-54)
kr

Inserting EQgs. (4-53) and (4-54) into energy equations, we have

ao _ 2 i . _

2 =av 9+(kR)g (4-55)

where a and g are expressed as functions of the new variable 6. For many solids,
however, the temperature dependence of a can be neglected compared to that of k.
In such cases, if g is independent of T, Eq. (4-55) becomes identical to Eq. (4-52)
except for the different but constant coefficient of g. Thus the solutions obtained
for homogeneous solids may be readily utilized for heterogeneous solids by

replacing T by 6 and pC, by kg/a, provided that the boundary conditions prescribe

T or g—: This remark does not hold if the boundary conditions involve the

convective term h(T, - Too). The following one-dimensional example illustrates the

use of the method.

Example 7: P
A liquid is boiled by a flat electric heater plate — "]
k= k(T) -

of thickness 2L. The internal energy g

generated electrically may be assumed to be A NI ()
uniform. The boiling temperature of the

liquid, corresponding to a specified pressure,

is Too (see Fig. 4.6). Find the steady-state T 7

temperature of the plate for 0 .
(i) k =k(T); (i) k = kg (I +(BT).

Solution:

frsmr——

The formulation of the problem is Figure 4.6: Details for Example 7.
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d (, dT .
T (k E) +g=0 (4-56)
dr(0) _ _
= and T(L) =T,
Employing the one-dimensional form of Eq. (4-53), % = kL%

R
We may transform Eq. (4-56) to
49— BO o  and (L) =6,
dx kgr dx
where, according to Eq. (4-52), 0 = kif;w k(T)dT

R
. . 0(x)—0 _ x\ 2

The solution of Eq. (4-56) is TN 1- (Z) (4-57)

Introducing Egs. (8) and (6.,) into Eq. (4-57), we obtain the temperature of the
plate in terms of T as follows:

1 (T
R fToo k(T)dT

2
G2k 1- (%) For the special case k = kg (I +(fT), the equation becomes

[T(0)-Teol+(E) 72000 -1%00] x\2
et - )

g12/2kg L
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Transient Conduction Heat Transfer Chapter: Five

Chapter Five

Transient Conduction Heat Transfer

5.1Introduction

Many heat transfer problems are time dependent. Such unsteady, or transient,
problems typically arise when the boundary conditions of a system are changed.
For example, if the surface temperature of a system is altered, the temperature at
each point in the system will also begin to change. The changes will continue to
occur until a steady-state temperature distribution is reached. Consider a hot metal
billet that is removed from a furnace and exposed to a cool airstream. Energy is
transferred by convection and radiation from its surface to the surroundings.
Energy transfer by conduction also occurs from the interior of the metal to the
surface, and the temperature at each point in the billet decreases until a steady-state
condition is reached. The final properties of the metal will depend significantly on
the time-temperature history that results from heat transfer. Controlling the heat
transfer is one key to fabricating new materials with enhanced properties.

Our objective in this chapter is to develop procedures for determining the time
dependence of the temperature distribution within a solid during a transient
process, as well as for determining heat transfer between the solid and its
surroundings. The nature of the procedure depends on assumptions that may be
made for the process. If, for example, temperature gradients within the solid may
be neglected, a comparatively simple approach, termed the lumped capacitance
method, may be used to determine the variation of temperature with time.

Transient problems can be classified with respect to their dependence on space (as

lumped or distributed), and since then formulated them accordingly. Also, these

2
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problems may be classified with respect to their dependence on time (as transient

or periodic). Thus,

/lumped

space.__

An unsteady problem

/ distributed
\

transient

time

e, . .
periodic,

Where, each transient or periodic problem involves a starting, a steady, and an

ending time interval as shown in Figure 5.1.

H
i
2
E—: |
0 >
et | | Endi Time
3 Starting __ oo Steady —aler Ending
transient | Steady f transient
Unsteady Transient
£
E
&
0 >
Time
e ; |
___Starting Steady Endin
|« —— v g — e . ——— -
periodie " periodic "l periodic

Unsteady Periodic

Figure 5.1: The behavior of unsteady transient and unsteady periodic.
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5.2The Lumped Capacitance Method
A simple transient conduction problem is one for which a solid experiences a
sudden change in its thermal environment. Consider a hot metal forging that is
initially at a uniform temperature T; and is quenched by immersing it in a liquid of
lower temperature T,, < T; (see Figure 5.2). If the quenching is said to begin at time
t = 0, the temperature of the solid will decrease for time t > 0O, until it eventually
reaches T,. This reduction is due to convection heat transfer at the solid-liquid
interface. The essence of the lumped capacitance method is the assumption that
"the temperature of the solid is spatially uniform at any instant during the transient
process”. This assumption implies that temperature gradients within the solid are

negligible.

Liquid \\ $ Eot = Geony
b,
\

t=20
T. =T T=T()

Figure 5.2: Cooling of a hot metal forging.

From Fourier’s law, heat conduction in the absence of a temperature gradient
implies the existence of infinite thermal conductivity. Such a condition is clearly
impossible. However, the condition is closely approximated if the resistance to
conduction within the solid is small compared with the resistance to heat transfer
between the solid and its surroundings. For now we assume that this is, in fact, the
case.

In neglecting temperature gradients within the solid, we can no longer consider the

problem from within the framework of the heat equation, since the heat equation is

4
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a differential equation governing the spatial temperature distribution within the
solid. Instead, the transient temperature response is determined by formulating an
overall energy balance on the entire solid. This balance must relate the rate of heat

loss at the surface to the rate of change of the internal energy.

—Eout = Est (5-1)
Or, —hAy(T—T,) = pVC= (5-2)
Introducing the temperature difference

0=T-T, (5-3)
and recognizing that (¢6/dt) = (dT/dt) if T., is constant, it follows that

pve s _ g (5-4)
hAg dt

Separating variables and integrating from the initial condition, for which t = 0 and

T(0) =T;, we then obtain

pveC 6d6

o Jo g =~ (5-5)

Where, 6; = T; — T, thus, evaluating the integrals, it follows that
0

pve _
h_AS lng =t (5-6)
_ _(h4As

Equation (5.6) may be used to determine the time required for the solid to reach
some temperature T, or, conversely, Equation 5.7 may be used to compute the
temperature reached by the solid at some time t.

The foregoing results indicate that the difference between the solid and fluid
temperatures must decay exponentially to zero as t approaches infinity. This
behavior is shown in Figure 5.3. From Equation 5.7 it is also evident that the

quantity (pV'C/hAs) may be interpreted as a thermal time constant expressed as

7 = () GVO) = R, (58)
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where, R; is the resistance to convection heat transfer and C, is the lumped thermal

capacitance of the solid. Any increase in R, or C; will cause a solid to respond more
slowly to changes in its thermal environment. This behavior is analogous to the
voltage decay that occurs when a capacitor is discharged through a resistor in an

electrical RC circuit.

Figure 5.3: Transient temperature response of lumped capacitance solids for different thermal time
constants .

To determine the total energy transfer Q occurring up to sometime t, we simply

write
Q= [ qdt=nhA [ 6dt (5-9)
Substituting for & from Equation 5.7 and integrating, we obtain

-G =]
Q = (pV(C)o; [1 — el \ove ] = (pVC)O; |1 — el (5-10)
The quantity Q is, of course, related to the change in the internal energy of the
solid.
—Q = AE,; (5-11)
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For quenching, Q is positive and the solid experiences a decrease in energy.
Equations 5.6, 5.7, and 5.10 also apply to situations where the solid is heated (6 <

0), in which case Q is negative and the internal energy of the solid increases.

5.3Validity of the Lumped Capacitance Method

From the foregoing results it is easy to see why there is a strong preference for
using the lumped capacitance method. It is certainly the simplest and most
convenient method that can be used to solve transient heating and cooling
problems. Hence it is important to determine under what conditions it may be used
with reasonable accuracy.

To develop a suitable criterion considers steady-state conduction through the plane
wall of area A (Figure 5.4). Although we are assuming steady-state conditions, the
following criterion is readily extended to transient processes. One surface is
maintained at a temperature T; and the other surface is exposed to a fluid of
temperature T, < Tg;. The temperature of this surface will be some intermediate
value Ts,, for which T, < Ts, < Ts;. Hence under steady-state conditions the

surface energy balance reduces to

=

Figure 5.4: Effect of Biot number on steady-state temperature distribution in a plane wall with
surface convection.

7



Transient Conduction Heat Transfer Chapter: Five

L (Toq = Tsz) = hAy(Ty; — Too) (5-12)

where k is the thermal conductivity of the solid. Rearranging, we then obtain

T W T R = = B (513
The quantity (hL/k) appearing in Equation 5.13 is a dimensionless parameter. It is
termed the Biot number, and it plays a fundamental role in conduction problems
that involve surface convection effects. According to Equation 5.13 and as
illustrated in Figure 5.4, the Biot number provides a measure of the temperature
drop in the solid relative to the temperature difference between the solid’s surface
and the fluid. From Equation 5.13, it is also evident that the Biot number may be
interpreted as a ratio of thermal resistances. In particular, if Bi << 1, the resistance
to conduction within the solid is much less than the resistance to convection across
the fluid boundary layer. Hence, the assumption of a uniform temperature
distribution within the solid is reasonable if the Biot number is small.

Although we have discussed the Biot number in the context of steady-state
conditions, we are reconsidering this parameter because of its significance to
transient conduction problems. Consider the plane wall of Figure 5.5, which is
initially at a uniform temperature T; and experiences convection cooling when it is
immersed in a fluid of T,, < T;. The problem may be treated as one-dimensional in
X, and we are interested in the temperature variation with position and time, T(X, t).
This variation is a strong function of the Biot number, and three conditions are
shown in Figure 5.5. Again, for Bi << 1 the temperature gradients in the solid are
small and the assumption of a uniform temperature distribution, T(x, t) = T(t) is
reasonable. Virtually all the temperature difference is between the solid and the
fluid, and the solid temperature remains nearly uniform as it decreases to T.. For
moderate to large values of the Biot number, however, the temperature gradients
within the solid are significant. Hence T = T(x, t). Note that for Bi >> 1, the

8
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temperature difference across the solid is much larger than that between the surface
and the fluid.

We conclude this section by emphasizing the importance of the lumped
capacitance method. Its inherent simplicity renders it the preferred method for
solving transient heating and cooling problems. Hence, when confronted with such
a problem, the very first thing that one should do is calculate the Biot number. If

the following condition is satisfied

¢ = Bi < 0.1 (5-14)
The error associated with using the lumped capacitance method is small. For
convenience, it is customary to define the characteristic length of Equation 5.14 as
the ratio of the solid’s

volume to surface area L. = V/A,. Such a definition facilitates calculation of L, for
solids of complicated shape and reduces to the half-thickness L for a plane wall of
thickness 2L (Figure 5.5), to r,/2 for a long cylinder, and to r,/3 for a sphere.
However, if one wishes to implement the criterion in a conservative fashion, L
should be associated with the length scale corresponding to the maximum spatial
temperature difference. Accordingly, for a symmetrically heated (or cooled) plane
wall of thickness 2L, L. would remain equal to the half-thickness L. However, for a

long cylinder or sphere, L. would equal the actual radius r,, rather than r/2 or r,/3.

| H
/W - — |
il | Ny ..

I Bi <1 Biwl Bi > |
=X T=T) T=T, 1) =T, 1)

Figure 5.5: Transient temperature distributions for different Biot numbers in a plane wall
symmetrically cooled by convection.
9
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Finally, we note that, with L. = V/A,, the exponent of Equation 5.7 may be

expressed as

hAgt ht hL, k t hL, at .
=i e =<2 —BixFo (5-15)
pve pCL, k pC L. k L.

Example: A steel ball bearing (diameter = 25 mm, psiee = 7833 kg/m3 and Cgiee =
0.465 kJ/kg.°C) is heated in a furnace to a temperature of 750 °C. It is then
removed to be quenched in water at 25 °C. If the time required for transferring the
ball bearing between the furnace and the water is 8 sec through the atmospheric air
environment (air temperature 20 °C). Determine by using lumped system analysis,
the time it takes the ball bearing to cool to 200 °C. Taking, convection heat transfer

coefficients in the air and water are 30 W/m?.°C and 3000 W/m?.°C, respectively.

Solution:
B —hAg

T~ To _ e pve xt
14 T, 25%x1073 _
S= L. =2= =42 %1073 (m)
A 3 2X3
T o —20 —-30x8

(8) = e[7833x0.465x103x4.2x10_3] = (0.98443
750—20

Tig) = 738.6 °C

200—25 [ —3000xt ]
———— = el7833x0.465%x103x4.2x1073
738.6—25

—1.4055 = —0.19611 x ¢t

t =7.167 (sec.)
10
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5.4Distributed Systems Having Stepwise Disturbances
5.4.1 Cartesian Geometry:

For distributed systems having stepwise disturbances, no mathematic beyond that
introduced in Chapter 4 is needed. Difficulties arising from nonhomogeneous
boundary conditions or differential equations may be eliminated, as with steady
problems, by introducing a change in temperature level or by superposition. Some
remarks no non-homogeneities may, however, be helpful. In this connection, let us
consider the following four problems.

Therefore, with no internal generation and the assumption of constant thermal

conductivity, the energy equation can then be reduced to,

0°T _ 10T
ox2  a ot

To solve Equation 5.16 for the temperature distribution T(X, t), it iS necessary to

(5-16)

specify an initial condition and two boundary conditions. For the typical transient

conduction problem of Figure 5.5, the initial condition is

Tx0) = Ti
and the boundary conditions are
aT
oxlyeg 0
and,
oT
—k a x=L [T(L t) oo]
(Tix,0) = T;) presumes a uniform temperature distribution at time t = 0; (‘;—z =
x=0

0) reflects the symmetry requirement for the midplane of the wall; and

oT
(k- .

= h[T(L,t) - Too]) describes the surface condition experienced for time t
=L

> 0. From Equations 5.16 through initial and boundary conditions above, it is

11
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evident that, in addition to depending on x and t, temperatures in the wall also
depend on a number of physical parameters. In particular
T=TXt T, T, L,k a,h)

Example 1: A plate of thickness 2L having the ]
uniform initial temperature T, is plunged suddenly into  —
a bath at the constant temperature T, as shown in

Figure 5.6. The heat transfer coefficient is large. Find

the unsteady temperature of the plate. [ 1“

Solution:

()

Interms of (=T - T,,) and the x-axis of Figure 5.6, the

formulation of the problem is,

oo —

26 _ 190

ax2  a ot

Oxo)y=0i =T —Tw

Figure 5.6

960,0) _
Ox lx=0 =0
G(L,t) == 0

Assume the existence of a product solution of the form (Eg. 5.16)
Oty = Xeo) Ty
Note that only the x-axis yields a characteristic-value problem; then, with the

proper choice of separation constant, the product solution (6 1) = X(x) T(s)) gives,

92X 9X(0) _ _
9 = — ox |og =0 and X(L) =0
X = C;cosAx + C, sin Ax

X'=—-A1C;sinAx + A C, cos Ax

=0] 50=—-41C;sin(Ax0)+AC,cos(Ax0)—>C, =0

ox
From B.C. [=2

12
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FromB.C. [X;) = 0] - 0= C;cosAL — 0 = cosAL —
AL =02n+1) xg

s
/1n—(27’l+1)>(z

n =0,1,2,3,... (Characteristic values)

X = A, cosl,x
Tralr=0— T=—a2?dt — ()= Ce ™t — 1,(t) = Bue M
Therefore, the product solution becomes, Oxt) = Xm0 An COSAyx Bpe =%t

LetC, = Ay X B, — Oy = Y=o Cp COSApx et

Finally, introducing the initial condition [8, ) = 6;] into transient temperature

distribution (6, ) gives

0, = ¥ ,Cpcosd,x e @ g = Y% . cosdyx

The above equation is the Fourier cosine series expansion of 8; over the interval

(0, L). The coefficient (C,,) may be evaluated in the usual manner. The result is

_ (_1\yn 28
CTL - ( 1) AnL
Thus, the unsteady temperature of the plate to be as,

Oty Tt~ Teo (-1 _ga2
== =2 =2 Y% 2 e %l cos ) x
9; Ti—Too Y=o AnL n

Example 2: The constant heat flux (q") is applied to

(7

both surfaces of a flat plate of thickness 2L as shown in
Figure 5.7.The initial temperature of the plate is T..
Find the unsteady temperature of the plate.

Solution:

In terms of (=T - T,,) and the x-axis of Figure 5.7, the
formulation of the problem is,

926 1 6

0x?2 a E

13
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9(96,0) =0

60,1
dx

Figure 5.7
=0

x=0

k 90 (Lp) _
dx

Let us try to solve the problem by the assumption of below equation as,

Oty =¥an + Py

The separation constant that is selected to make the x-axis of ¥, a
characteristic-value problem forces ¥, to be an exponentially decaying
function in time, hence in the limit ¥, ;) = 0 and (1) = Py as t - oo. This
result violates the physics of the problem, the temperature of the plate should
increase without limit as t — oo. To satisfy this condition, we modify the above
equation by the addition of the term ¢ such that ¢y — oo as t — co. Thus the
proper assumption is,

Oty =Yy + P+ 9

Now in terms of above equation, the formulation of the problem becomes

o’y 1 v 0% 0,6) 0¥ (L)

922 =z ot Yoy = — P — Do) » ax lyoo =0, —ax, velL =0
62_"25216_"’, O] I _,_kdd’(L)
ox a ot dx ly=p dx
2
Since ¢ and @, can vary independently, (gx 2 ag”) holds when it is equal to
. 0’ 1 aqo
a constant, say C. Then the general solution of (ﬁ = ) is obtained in the form

(p(t) = C(Ct + C1
Dy = 5 Cx? + Cpx + Gy
Here C, and C may readily be evaluated by introducing (&(,)) equation into

(+k%=q") equation. The result is C,= 0, C =gq"/kL. Hence, ¢« =

14
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q"t/pCL+ C; and @,y = q"x*/2kL + C; , where C, and C; are the remaining

constants. However, noting that the solution of ¥, ) depends on @ and @,

may arbitrarily set these constants equal to zero. Thus,

qnxz

2kL

t
Py = q— and Py =

2
On the other hand, the product solution Yty = X Tee) applied to (ZTZ

results in

012_;2( + 22X = Ho_p, Zw - g

dx dx dx

The solution of above equation is,

X,(x) = A, cos A, x Characteristic functions
Ap = "L—” where, n=0,1,2, 3, ..... Characteristic values

& ar?t=0

dt

The solution of above equation is,

1, = C et

Thus the product solution of ¥, ., yields

_ 2
Yiet) = Ao + Lpe1 Gne it cos Ax

Where, a,= A,C, and a,= A,C,

Finally, the initial value of above equation, which is equal to —®,,, gives

qllxz

—_ (00
= ot Yimeq Ay COS Ay X

The coefficients a, and a, are,

_2q"L_

_ _4aL n
a, = and a, = —(—1) D)2

Therefore, the unsteady temperature disturibution of the plate is,

0 at 1 (x\? 1 —an2
&0 — = ( ) 2y D p-adit o5 x

a'L/k 12 2\L L2

15
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5.4.2 Cylindrical Geometry

Example 3: An infinitely long rod of radius R having

the uniform initial temperature T, is plunged suddenly F

into a bath at temperature T,, as shown in Figure 5.8. — ] | i o
The heat transfer coefficient is large. Find the

expression of unsteady temperature disturibution of the 1

rod. — L o
Solution: 1o 7

In terms of (9= T - T.,) and the r-axis of Figure 5.8, the ]
formulation of the problem is, _ S

1 i(r %) _ 106 Figure 5.8

ror\' oar)  a ot

O = 0o =T — Too

Orey =0

The product solution 6, -y = R(T() introduced into formulation equation results

in

a dRr 2 _ . _ dR(0) _

S (r )+ 2rR=0; Rm =0, =2 _ =0

The solution of above equation is,

Ry = AnJo (A7) Characteristic functions

And the zeros of (J,(1,R) = 0) are the characteristic values. The solution of
equation (% + aA’t = 0) is,

12
Tngey = Cne™ ™"

Hence the product solution becomes
0 22
H(r,t) = Zn:l ane aant]o (AnT)

16



Transient Conduction Heat Transfer Chapter: Five

Where , a,, = A,C,

The initial value of above equation is,

0o = Xn=1anJo (A1)

The above equation is the Fourier-Bessel series expansion of 68,. Here the

coefficient a,, may be calculated in the usual manner. The result is,

0 = 20,
™ (ApR) J1(AnR)

Thus, introducing the a,, equation into 6, equation, the unsteady temperature

disturibution of the rod is,

g, o= TCOTe _ o5 e Joar)
D = T T C ML A0R) J1(AnR)

5.4.3 Spherical Geometry
Example 4: A solid sphere of radius R having the uniform initial temperature T, is
plunged suddenly into a bath at temperature T, as shown in Figure 5.9. The heat

transfer coefficiel : temperature

disturibution of the —l

G. 5-11 T y

Figure 5.9

Solution:

17
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The formulation of the problem interms of (=T - T,,) is,

1 a(rzae)_1ae
r2 or ar)  a ot

9(7‘,0) =0,=T, — T

Q(R,t) = 0
90(0,6) _ o
o 0 or 6y = finite

The product solution 8¢,y = RT(s) introduced into formulation equation yields

d (.2 dR 2,20 _ ( - _
2(r2 )+ 2R =0 ; Rgy =0 ,

dR o)

=0
dr ly=g

Particular solutions corresponding to the differential equation of above equation

are,
Jay, (Ar) /12 and J-1y, (Ar) /12
Furthermore, noting from Bessel series properties that
Jy, (Ar) ~ sin Ar/r1/? and J-1, (Ar) ~ cos Ar/rt/?

The solutions of above equations may be rearranged to give,
sin Ar/r and cosAr/r
This result explains the use of the well-known transformation

e(r,t) = l‘U(r,t)/r

0’y 1 ¥
ar2  a ot

Yo = 10, = r(To = Tw)
lIJ(R’t) - O
le(O,t) - 0

Hence, the problem is reduced to a problem of Cartesian geometry.

. . 9’y 1 v, .
The product solution ¥, -y = RT(r) applied to (ﬁ == E) yields

18
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LX R =0, Rgy =0 and Ry = 0

The solution of above equation is,
R,(r) = A, sinA,r

nm

An=? where,n=0, 1,2, 3, .....
The solution of equation (% + aA’t = 0) is,

_ —alit
Ty = C,e

Hence the product solution becomes
Wy = ey Gne~ 4t sin(A,7)
Where , a,, = A,C,

10, = Yin=1an sin(4,7)

The coefficient a,, is

260
a, = (_1)n+1 To

n

Characteristic functions

Characteristic values

Finally, the unsteady temperature disturibution of the sphere is found to be,

Ty~ Teo — 22?{)=1(_1)n+1 e—a/l%t

Q(T',t) - To —Teo

19
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5.5The Numerical Method of Transient Heat Conduction
Analytical solutions to transient problems are restricted to simple geometries and
boundary conditions, such as the one-dimensional cases considered in the
preceding sections. For some simple two- and three-dimensional geometries,
analytical solutions are still possible. However, in many cases the geometry and/or
boundary conditions preclude the use of analytical techniques, and recourse must
be made to finite-difference (or finite-element) methods.

5.1.1 Discretization of the Heat Equation:

v The Explicit Method
Once again consider the two-dimensional system of Figure 5.10. Under transient
conditions with constant properties and no internal generation, the appropriate

form of the heat equation, Equation 1-18-b, is

9%T , 9°T _ 1 9T

d0x? dy? a ot (5-17)

m+ 1, n

m,n-1

Figure 5.10: Two-dimensional conduction, Nodal network.

To obtain the finite-difference form of this equation, we may use the central-

difference approximations to the spatial derivatives prescribed as,
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a_T _ Tm+1n=Tmn 6_T _ Tmn—Tm-1n
ox m+1/2,n Ax ox m—-1/2,n Ax
or _or
92T __ Oxlmy1/an 9xlm—1/2n
0x%lmn Ax
Therefore,
azT _ Tm+1,n+Tm—1,n_2Tm,n (5'18)
0x%lmn (Ax)?

Proceeding in a similar fashion, it is readily shown that

92T
dy?

— Tmn+1tTmn-1—2Tmn (5_19)
2
mn (Ay)

Once again the m and n subscripts may be used to designate the x- and y-locations
of discrete nodal points. However, in addition to being discretized in space, the
problem must be discretized in time. The integer p is introduced for this purpose,
where, t=pAt

and the finite-difference approximation to the time derivative in Equation 5.17 is

expressed as

B_T Tp+1m,n_Tpm,n

otlmn At

(5-20)

The superscript p is used to denote the time dependence of T, and the time
derivative is expressed in terms of the difference in temperatures associated with
the new (p+1) and previous (or old) (p) times. Hence calculations must be
performed at successive times separated by the interval At, and just as a finite-
difference solution restricts temperature determination to discrete points in space, it
also restricts it to discrete points in time.

If Equations 5.18, 5.19 and 5.20 is substituted into Equation 5.17, the nature of the
finite-difference solution will depend on the specific time at which temperatures
are evaluated in the finite-difference approximations to the spatial derivatives. In

the explicit method of solution, these temperatures are evaluated at the previous (p)
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time. Hence Equation 5.20 is considered to be a forward-difference approximation
to the time derivative. Evaluating terms on the right-hand side of Equations 5.17 at
p and substituting into Equation 5.17, the explicit form of the finite-difference
equation for the interior node (m, n) is

P P P P P
T m+1,n+T m—1,n_2T mn + T m,n+1+T m,n—l_ZTPm,n _ Tp+1

(Ax)2 (8y)? B

Solving for the nodal temperature at the new (p+1) time and assuming that Ax =

m,n_Tpm,n
2 (5-21)

1
a

Ay, it follows that

TP o =Fo (TP psin + TP mein + TP mnsr + TP mno1) + (1 — 4F0)TP
(5-22)

where Fo is a finite-difference form of the Fourier number, which is the ratio

of diffusive or conductive transport rate to the quantity storage rate.

a At
Fo = a0

(5-23)

This approach can easily be extended to one- or three-dimensional systems. If the
system is one-dimensional in x, the explicit form of the finite-difference equation
for an interior node m reduces to

TP+l =Fo (TP 41 + TP _1) + (1 = 2F0)TP,, (5-24)
Equations 5.22 and 5.24 are explicit because unknown nodal temperatures for the
new time are determined exclusively by known nodal temperatures at the previous
time. Hence calculation of the unknown temperatures is straightforward. Since the
temperature of each interior node is known at t= 0 (p= 0) from prescribed initial
conditions, the calculations begin at t= At (p= 1), where Equation 5.22 or 5.24 is
applied to each interior node to determine its temperature. With

With temperatures known for t= At, the appropriate finite-difference equation is

then applied at each node to determine its temperature at t= 2At (p= 2). In this way,

22


https://en.wikipedia.org/wiki/Diffusion
https://en.wikipedia.org/wiki/Conduction_(heat)

Transient Conduction Heat Transfer Chapter: Five

the transient temperature distribution is obtained by marching out in time, using
intervals of At.

The accuracy of the finite-difference solution may be improved by decreasing the
values of Ax and At. Of course, the number of interior nodal points that must be
considered increases with decreasing Ax, and the number of time intervals required
to carry the solution to a prescribed final time increases with decreasing At. Hence
the computation time increases with decreasing Ax and At. The choice of AX is
typically based on a compromise between accuracy and computational
requirements. Once this selection has been made, however, the value of At may not
be chosen independently. It is, instead, determined by stability requirements.

An undesirable feature of the explicit method is that it is not unconditionally
stable. In a transient problem, the solution for the nodal temperatures should
continuously approach final (steady-state) values with increasing time. However,
with the explicit method, this solution may be characterized by numerically
induced oscillations, which are physically impossible. The oscillations may
become unstable, causing the solution to diverge from the actual steady-state
conditions. To prevent such erroneous results, the prescribed value of At must be
maintained below a certain limit, which depends on Ax and other parameters of the
system. This dependence is termed a stability criterion, which may be obtained
mathematically or demonstrated from a thermodynamic argument. For the
problems of interest in this text, the criterion is determined by requiring that the
coefficient associated with the node of interest at the previous time is greater than
or equal to zero.

In general, this is done by collecting all terms involving T?,, ,, to obtain the form
of the coefficient. This result is then used to obtain a limiting relation involving

Fo, from which the maximum allowable value of At may be determined. For
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example, with Equations 5.22 and 5.24 already expressed in the desired form, it

follows that the stability criterion for a one-dimensional interior node is (1 - 2Fo) >

0,0r Fo < % and for a two-dimensional node, itis (1 - 4Fo) >0, 0r o < %.

For prescribed values of Ax and «, these criteria may be used to determine upper
limits to the value of At.

Equations 5.22 and 5.24 may also be derived by applying the energy balance
method to a control volume about the interior node. Accounting for changes in
thermal energy storage, a general form of the energy balance equation may be
expressed as

Ein+E;j = Eg (5-25)

In the interest of adopting a consistent methodology, it is again assumed that all

heat flow is into the node.

Example 5: Consider the surface node of the one-dimensional system shown in
Figure 5.11. To more accurately determine thermal conditions near the surface, this
node has been assigned a thickness that is one-half that of the interior nodes.
Assuming convection transfer from an adjoining fluid and no generation, it follows
from Equation 5.25 that

’—».\

A
7' ., h
T T e Te T,® T,
L
I i& : >
| | L
. —
Geonv | | ‘/:_:"" > l’)l le Ax >

Figure 5.11: Surface node with convection and one-dimensional transient conduction.
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ax (T =T15)

Py kA (mp Py _
hA(Te = T5) + = (TF = T5) = pCA—~>— (5-26)
or, solving for the surface temperature at t + At,
p+1 2hAt D 2alAx D p p
T! —E(TOO—TO)+F(T1 —TP)+T] (5-27)

Recognizing that (2hat/pCax) = 2(hax/k)(aat/ax?) = 2BiFo and grouping terms
involving 7, it follows that

TP™ = 2Fo(T}F — BiT,) + (1 — 2Fo — 2BiFo)T? (5-28)
The finite-difference form of the Biot number is

. hAx
Bi = —
k

Recalling the procedure for determining the stability criterion, we require that the
coefficient for be greater than or equal to zero. Hence

1—2Fo—2BiFo =0 (5-29)
Or, Fo(1+ Bi) <-

Since the complete finite-difference solution requires the use of Equation 5.24 for
the interior nodes, as well as Equation 5.28 for the surface node, Equation 5.29

must be contrasted with (Fo < %) to determine which requirement is more

stringent. Since Bi > 0, it is apparent that the limiting value of Fo for Equation 5.29
Is less than that for Equation 5.82. To ensure stability for all nodes, Equation 5.29
should therefore be used to select the maximum allowable value of Fo, and hence

At, to be used in the calculations.
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Example 6: A fuel element of a nuclear reactor is in the shape of a plane wall of
thickness 2L= 20 mm as shown in Figure 5.12 and is convectively cooled at both
surfaces, with h= 1100 W/m?K and T..= 250 °C. At normal operating power, heat
is generated uniformly within the element at a volumetric rate of g;= 10’ W/m*. A
departure from the steady-state conditions associated with normal operation will
occur if there is a change in the generation rate. Consider a sudden change to g,=
2x10" W/m®, and use the explicit finite-difference method to determine the fuel
element temperature distribution after 1.5 s. The fuel element thermal properties
are k= 30 W/mK and a= 5x10° m%s.

Solution:

Fuel element
¢ =1 x 10" Wim®
g = 2 x 10" Wim®
o=5x10°m’s
k =30 Wm-K

T_ = 250°C
h = 1100 W/m?K

E
!
Symmetry adiabatf}i\! T T Coolant

m-—1

Ycond

Figure 5.12: A rectangular fuel element with surface cooling.

A numerical solution will be obtained using a space increment of Ax=2 mm. Since
there is symmetry about the midplane, the nodal network yields six unknown nodal
temperatures. Using the energy balance method, Equation 5.25, an explicit finite-
difference equation may be derived for any interior node m.
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T _,—T0 . TP, —T? TP — ¢
I\',“ m=| m ¥ I\;‘ m+ | m + ‘[." .S_\' = p"‘ A.\' c m m
Ax Ax A1

Solving for Tn’;“ and rearranging,

m

A_ 2
T[H—l et F()|:T,I:I_] 5 T’[’;’+] 4 C]( kx) :| + (1 - 2F())T,I:, (1)

This equation may be used for node 0, with T2 _, = TP . as well as for nodes 1,

2, 3, and 4. Applying energy conservation to a control volume about node 5,

TP — TP A . A.‘ TlH—I — TP
_ T 3— 15 Ax . olx 25 5
hA(T, — TY) + kA A + gA > PA > C A
Ax 2
ToH = 2F0[T4’ +BiT, + q(2k) ] + (1 — 2Fo — 2Bi Fo)T? (2)

Since the most restrictive stability criterion is associated with Equation 2, we select

Fo from the requirement that

Fo(1 + Bi) <

_ hAx 1100 W/m*-K (0.002 m)
k 30W/m-K

Bi = 0.0733 Fo =0.466

_ Fo(Ax)’ _ 0.466(2 X 10* m)’
@ 5X10°m¥s

At =0.3713s

To be well within the stability limit, we select At= 0.3 s, which corresponds to
5% 107°m%s(0.3s)

Y = 0375
(2 X 107" m)*

Fo

Substituting numerical values, including g,= 2x10" W/m?®, the nodal equations

become
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T =0.375Q2T7 + 2.67) + 0.2507T%

TP+ = 0.375(T2 + TL + 2.67) + 0.250T7
T2+ = 0.375(T7 + T2 + 2.67) + 0.25077%
T+ = 0.375(T% + TP + 2.67) + 0.250T
TP+ = 0.375(T2 + TL + 2.67) + 0.250T7
T2 = 0.750(T7 + 19.67) + 0.195T

10" W/m? X 0.01 m

- = 340.91°C
1100 W/m?+ K

L
T5=Tm+‘17:250°c+

)

T(x) = 16. 67(1 — Z) + 340.91°C

Computed temperatures for the nodal points of interest are shown in the first row
of the accompanying table. Using the finite-difference equations, the nodal
temperatures may be sequentially calculated with a time increment of 0.3 s until
the desired final time is reached. The results are illustrated in rows 2 through 6 of
the table and may be contrasted with the new steady-state condition (row 7)

Tabulated Nodal Temperatures

p 1s) % T T T, T; T;

0 0 357.58 356.91 354.91 351.58 34691 34091
| 0.3 358.08 357.41 355.41 352.08 34741 34141
2 0.6 358.58 357.91 35591 352.58 34791 341.88
3 0.9 359.08 358.41 356.41 353.08 34841 342.35
4 1.2 359.58 35891 356.91 353.58 348.89 342.82
5 1.5 360.08 359.41 357.41 354.07 349.37 343.27
% % 465.15 463.82 459.82 453.15 443.82 431.82
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480
465.1

440
431.8
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400

360

320
0 100 200 300 400

t(s)
v" The Implicit Method

In the explicit finite-difference scheme, the temperature of any node at t+At may
be calculated from knowledge of temperatures at the same and neighboring nodes
for the preceding time t. Hence determination of a nodal temperature at some time
Is independent of temperatures at other nodes for the same time. Although the
method offers computational convenience, it suffers from limitations on the
selection of At. For a given space increment, the time interval must be compatible
with stability requirements. Frequently, this dictates the use of extremely small
values of At, and a very large number of time intervals may be necessary to obtain
a solution.

A reduction in the amount of computation time may often be realized by
employing an implicit, rather than explicit, finite-difference scheme. The implicit
form of a finite-difference equation may be derived by using Equation 5.20 to
approximate the time derivative, while evaluating all other temperatures at the new
(p+1) time, instead of the previous (p) time. Equation 5.20 is then considered to

provide a backward-difference approximation to the time derivative. In contrast to
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Equation 5.21, the implicit form of the finite-difference equation for the interior

node of a two-dimensional system is then

TP+1m+1,TL+TP+1m—1,TL_2TP+1m,TL + TP+1m,n+1+TP+1m,n—1_ZTP+1m,n _ l Tp+1m’n_Tpmn
(Ax)? (Ay)? a At
(5-30)
Rearranging and assuming Ax = Ay, it follows that
_ p+1 p+1 p+1 p+1 p+1
TP n = (L +4F0)T " —Fo(Th 1 4 Toein + Tt + Tmes (5-31)

From Equation 5.31 it is evident that the new temperature of the (m, n) node
depends on the new temperatures of its adjoining nodes, which are, in general,
unknown. Hence, to determine the unknown nodal temperatures at t+at, the
corresponding nodal equations must be solved simultaneously. Such a solution may
be affected by using Gauss—Seidel iteration or matrix inversion. The marching
solution would then involve simultaneously solving the nodal equations at each
time t= At, t= 2At, ....., until the desired final time was reached.

Relative to the explicit method, the implicit formulation has the important
advantage of being unconditionally stable. That is, the solution remains stable for
all space and time intervals, in which case there are no restrictions on Ax and At.
Since larger values of At may therefore be used with an implicit method,
computation times may often be reduced, with little loss of accuracy. Nevertheless,
to maximize accuracy, At should be sufficiently small to ensure that the results are
independent of further reductions in its value.

The implicit form of a finite-difference equation may also be derived from the
energy balance method. For the surface node of Figure 5.11, it is readily shown
that

TP + 2FoBiT,, = (14 2Fo + 2FoBi)T?™" — 2FoTP** (5-32)
For any interior node of Figure 5.11, it may also be shown that
(1+ 2Fo)TE™ — Fo(TP™, + TP1) = TP (5-33)
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Forms of the implicit finite-difference equation for other common geometries are

presented in Table below. Each equation may be derived by applying the energy

balance method.
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Example 7: A thick slab of copper initially at a uniform temperature of 20°C is
suddenly exposed to radiation at one surface such that the net heat flux is
maintained at a constant value of 3x10° W/m? (see Figure 5.13). Using the explicit
and implicit finite-difference techniques with a space increment of Ax = 75 mm,
determine the temperature at the irradiated surface and at an interior point that is
150 mm from the surface after 2 min have elapsed. Compare the results with those

obtained from an appropriate analytical solution.

g =3 x 10° W/m?
—_—
I | I I
| |
I I m-=11!'! m 'm+1
Ow 1 le ¢ o)e o o ° : ® : ®
| |
4o : : 4 cond 4 cond | | 4 cond
| .
]2 Ly Ax = 75 mmle——»

Figure 5.13: A Thick slab of copper, initially at a uniform temperature.

Solution:
Properties: Copper (300 K): k= 401 W/mK, o= 117x10° m?s.

An explicit form of the finite-difference equation for the surface node may be

obtained by applying an energy balance to a control volume about the node.

i —I% Ax T8 —T§
AI/A + kA —_ A e R
5 A 2T A

qoAx

Tpth= 2F0< + T{’) + (1 — 2Fo)T}

The finite-difference equation for any interior node is given by Equation 5.29. Both

the surface and interior nodes are governed by the stability criterion
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Fo =

PO | bt

Noting that the finite-difference equations are simplified by choosing the maximum

allowable value of Fo, we select Fo= 0.5. Hence

(Ax)? 1 (0.075 m)’

At = Fo =— — =245
% 2117 X 10~°m?s
gyAx 3 x10°W/m*(0.075m) _ _—
ko 401 W/m- K e
the finite-difference equations become
Th1+ Thos

TP+ =56.1°C + 17 and Ti+= 5

for the surface and interior nodes, respectively. Performing the calculations, the

results are tabulated as follows:

Explicit Finite-Difference Solution for Fo = 3

p 1(s) T, T T T, T
0 0 20 20 20 20 20
1 24 76.1 20 20 20 20
2 48 76.1 48.1 20 20 20
3 72 104.2 48.1 34.0 20 20
4 96 104.2 69.1 34.0 27.0 20
5 120 125.2 69.1 48.1 27.0 23.5

After 2 min, the surface temperature and the desired interior temperature are T,
125.2°C and T,=48.1°C.

To determine the extent to which the accuracy may be improved by reducing Fo,
let us redo the calculations for Fo = 1/4 (At = 12 s). The finite-difference equations

are then of the form
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Tt = %(56.1°C +TP) + %T{,’

p+l TP 1 P
m ( m+l m—l) + 2Tm

and the results of the calculations are tabulated as follows:

Explicit Finite-Difference Solution for Fo = ;

p «(s) T; T, T, T, T T T T,
0 0 20 20 20 20 20 20 20 20 20
! 12 48.1 20 20 20 20 20 20 20 20
2 24 62.1 27.0 20 20 20 20 20 20 20
3 36 726 340 218 20 20 20 20 20 20
4 48 814 406 244 204 20 20 20 20 20
5 60 39.0 46.7 27.5 21.3 20.1 20 20 20 20
6 72 959 525 307 225 204 200 20 20 20
7 84 1023 579 341 241 208 201 200 20 20
8§ 96 1081 631 376 258 215 203 200 200 20
Y 108 113.6 67.9 41.0 27.6 22.2 20.5 20.1 20.0 20.0

10 120 118.8 72.6 444 29.6 23.2 20.8 2().2 20.0 20.0 4

After 2 min, the desired temperatures are T,= 118.8°C and T,= 44.4°C. Comparing
the above results with those obtained for , it is clear that by reducing Fo we have
diminished the problem of recurring temperatures. We have also predicted greater
thermal penetration (to node 6 instead of node 3). An assessment of the
improvement in accuracy will be given later, by comparison with an exact solution.
In the absence of an exact solution, the value of Fo could be successively reduced

until the results became essentially independent of Fo.

Performing an energy balance on a control volume about the surface node, the

implicit form of the finite-difference equation is
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7+ 1 41 41 )
geplli- g iy g8 —irg
¢ Ax 2 At

Daql, At
(1 + 2Fo)TI*! — 2FoTP*! = %&— + 77
s x'

Arbitrarily choosing Fo = 3 (At = 24 s), it follows that
e —T7=561 +1

+ + |
— T2E, - APDV i PP = 0P

m—1 m m

In contrast to the explicit method, the implicit method requires the simultaneous
solution of the nodal equations for all nodes at time p+1. Hence, the number of
nodes under consideration must be limited to some finite number, and a boundary
condition must be applied at the last node. The number of nodes may be limited to
those that are affected significantly by the change in boundary condition for the
time of interest. From the results of the explicit method, it is evident that we are
safe in choosing nine nodes corresponding to T,, Ty, . . ., Tg. We are thereby
assuming that, at t= 120 s, there has been no change in Ty, and the boundary
condition is implemented numerically as Tq= 20°C.

We now have a set of nine equations that must be solved simultaneously for each

time increment. We can express the equations in the form [A][T]= [C],
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2% 1 @ O € O ©® O 9|
—1 4 i W @ O @ ¢ v
0 -1 4 4 © © ©6 o6 0o
0 0 =1 4 =1 @& 6 o0 0
[A] = 0 0 0 -1 4 -1 0 0 0
0 0 9 O ~1 <4 —F 0 B
0 0 0O 0o 06 -1 4 -1 ©
0 0 O 6 6 0 —=i 4 =i
n 0 o 0 0O 0 0 -1 4 |
[ 56.1 + T%
) K
273
2T,
[C] = | 217
27%
2TE
o
_ZTé) + T(I;—H_

Note that numerical values for the components of [C] are determined from
previous values of the nodal temperatures. Note also how the finite-difference
equation for node 8 appears in matrices [A] and [C], with T**'y = 20°C, as indicated
previously. A table of nodal temperatures may be compiled, beginning with the
first row (p= 0) corresponding to the prescribed initial condition. To obtain nodal
temperatures for subsequent times, the matrix equation must be solved. At each

time step p+1, [C] is updated using the previous time step ( p) values. The process
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Is carried out five times to determine the nodal temperatures at 120 s. The desired

temperatures are T,= 114.7°C and T,= 44.2°C.

Implicit Finite-Difference Solution for Fo = 3

p s T, r T} T, T, T, T T, )
0 0 20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0
| 24 524 287 223 206 202 200 200 200 20.0
2 48 740 395 266 221 207 202 201 200 20.0
3 72 902 503 320 244 216 206 202  20. 20.0
4 9 1034 605 380 274 229 211 204 202 20.1
5 120 AT 700 442 309 247 219 208 203 20.1
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Chapter Six

Radiation Heat Transfer

6.1 Introduction

Heat transfer by conduction and convection requires the presence of a temperature
gradient in some form of matter. In contrast, heat transfer by thermal radiation
requires no matter. It is an extremely important process, and in the physical sense it
IS perhaps the most interesting of the heat transfer modes. It is relevant to many
industrial heating, cooling, and drying processes, as well as to energy conversion

methods that involve fossil fuel combustion and solar radiation.

6.2Processes and Properties of Radiation

6.2.1 Fundamental Concepts

Consider a solid that is initially at a higher temperature T, than that of its
surroundings Tg,, but around which there exists a vacuum (see Figure 6.1). The
presence of the vacuum precludes energy loss from the surface of the solid by
conduction or convection. However, our intuition tells us that the solid will cool
and eventually achieve thermal equilibrium with its surroundings. This cooling is
associated with a reduction in the internal energy stored by the solid and is a direct
consequence of the emission of thermal radiation from the surface. In turn, the
surface will intercept and absorb radiation originating from the surroundings.
However, if T, > T, the net heat transfer rate by radiation Qaqnet 1S from the

surface, and the surface will cool until T, reaches Ty,,.
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Radiation from
surroundings Grad,net

\ Wace

radiation
emission

Vacuum

Surroundings

Figure 6.1: Radiation cooling of a hot solid.

We associate thermal radiation with the rate at which energy is emitted by matter
as a result of its finite temperature. At this moment thermal radiation is being
emitted by all the matter that surrounds you: by the furniture and walls of the
room, if you are indoors, or by the ground, buildings, and the atmosphere and sun
iIf you are outdoors. The mechanism of emission is related to energy released as a
result of oscillations or transitions of the many electrons that constitute matter.
These oscillations are, in turn, sustained by the internal energy, and therefore the
temperature, of the matter. Hence we associate the emission of thermal radiation
with thermally excited conditions within the matter.

We know that radiation originates due to emission by matter and that its
subsequent transport does not require the presence of any matter. But what is the

nature of this transport? One theory views radiation as the propagation of a

collection of particles termed photons or quanta. Alternatively, radiation may be
viewed as the propagation of electromagnetic waves. In any case we wish to
attribute to radiation the standard wave properties of frequency v and wavelength A.

For radiation propagating in a particular medium, the two properties are related by

3
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A= 5 (6-1)
where c is the speed of light in the medium. For propagation in a vacuum, ¢, =
2.998x10° m/s. The unit of wavelength is commonly the micrometer (um), where 1
um 10 m.

The complete electromagnetic spectrum is delineated in Figure 6.2. The short
wavelength gamma rays, X rays, and ultraviolet (UV) radiation are primarily of
interest to the high-energy physicist and the nuclear engineer, while the long
wavelength microwaves and radio waves (A > 10° um) are of concern to the
electrical engineer. It is the intermediate portion of the spectrum, which extends
from approximately 0.1 to 100 um and includes a portion of the UV and all of the
visible and infrared (IR), that is termed thermal radiation because it is both caused
by and affects the thermal state or temperature of matter. For this reason, thermal

radiation is pertinent to heat transfer.

Violet
Blue
Green
Yellow

Thermal radiation

|

|

0.4 0.7 :

| . | | ] I | ,

1078 107 1073 1072 107! 1 10 102 103 10*
Alum)

Figure 6.2: Spectrum of electromagnetic radiation.
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6.2.2 Radiation Heat Fluxes

Various types of heat fluxes are pertinent to the analysis of radiation heat transfer.
Table 6.1 lists four distinct radiation fluxes that can be defined at a surface. The
emissive power, E (W/m?), is the rate at which radiation is emitted from a surface
per unit surface area, over all wavelengths and in all directions. This emissive
power was related to the behavior of a blackbody through the relation E = 0TS,

where ¢ Is a surface property known as the emissivity.

Table 6.1: Radiative fluxes (over all wavelengths and in all directions).

Flux (W/m?) Description Comment

Emissive power, E Rate at which radiation is emitted E = goT;
from a surface per unit area

Irradiation, GG Rate at which radiation is incident Irradiation can be reflected.
upon a surface per unit area absorbed, or transmitted

Radiosity, J Rate at which radiation leaves a For an opaque surface
surface per unit area J=E+ pG

Net radiative flux, Net rate of radiation leaving a For an opaque surface

grs=J—G surface per unit area gy = e0T! —aG

Radiation from the surroundings, which may consist of multiple surfaces at various
temperatures, is incident upon the surface. The surface might also be irradiated by
the sun or by a laser. In any case, we define the irradiation, G (W/m?), as the rate
at which radiation is incident upon the surface per unit surface area, over all
wavelengths and from all directions. The two remaining heat fluxes of Table 6.1
are readily described once we consider the fate of the irradiation arriving at the
surface. When radiation is incident upon a semitransparent medium, portions of the
irradiation may be reflected, absorbed, and transmitted illustrated in Figure 6.3.a.

Transmission, z, refers to radiation passing through the medium, as occurs when a

layer of water or a glass plate is irradiated by the sun or artificial lighting.

5
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Absorption occurs when radiation interacts with the medium, causing an increase
in the internal thermal energy of the medium. Reflection is the process of incident
radiation being redirected away from the surface, with no effect on the medium.

We define reflectivity, p, as the fraction of the irradiation that is reflected,

absorptivity, a, as the fraction of the irradiation that is absorbed, and

transmissivity, z, as the fraction of the irradiation that is transmitted. Because all

of the irradiation must be reflected, absorbed, or transmitted, it follows that
pra+t=1 (6-2)

A medium that experiences no transmission (z = 0) is opaque, in which case
p+a=1 (6-3)
With this understanding of the partitioning of the irradiation into reflected,
absorbed, and transmitted components, two additional and useful radiation fluxes

can be defined. The radiosity, J (W/m?), of a surface accounts for all the radiant

energy leaving the surface. For an opaque surface, it includes emission and the

reflected portion of the irradiation, as illustrated in Figure 6.3.b. It is therefore

expressed as

J=E+ Gy = E +pG (6-4)
Irradiation, = _ Reflection, Irradiation, Radiosity,
G " Gt G - Reflection, \\;’ = E+ G
= O v <
h L. G, ~J
U & O =G + Gy + Gy, of S
______ N i e s o i & 37 ¢ Emission,
b T g P
Semitransparent . RARARAUBOIPUONE, @00 e e i NN, T SO S
medium Gars Opaque
i AR medium
g Transmission,

”1;
((l} (h)

Figure 6.3: Radiation at a surface. (a) Reflection, absorption, and transmission of irradiation for
a semitransparent medium. (b) The radiosity for an opaque medium.
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Radiosity can also be defined at a surface of a semitransparent medium. In that

case, the radiosity leaving the top surface of Figure 6.3.a (not shown) would
include radiation transmitted through the medium from below.
Finally, the net radiative flux from a surface, (W/m?), is the difference between the

outgoing and incoming radiation

qQ"vaqa =] —G (6-5)
Combining Equations 6.5, 6.4, and 6.3, the net flux for an opaque surface is
q"vqqa = E+pG—G = 0Ty — aG (6-6)

A similar expression may be written for a semitransparent surface involving the
transmissivity. Because it affects the temperature distribution within the system,
the net radiative flux (or net radiation heat transfer rate, q" = q",qq 4), IS an
Important quantity in heat transfer analysis. As will become evident, the quantities
E, G, and J are typically used to determine g",.,4, but they are also intrinsically
important in applications involving radiation detection and temperature
measurement.
6.2.3 Blackbody Radiation
To evaluate the emissive power, irradiation, radiosity, or net radiative heat flux of
a real opaque surface, to do so, it is useful to first introduce the concept of a
blackbody.
v A blackbody absorbs all incident radiation, regardless of wavelength and
direction.
v’ For a prescribed temperature and wavelength, no surface can emit more
energy than a blackbody.
v" Although the radiation emitted by a blackbody is a function of wavelength
and temperature, it is independent of direction. That is, the blackbody is a

diffuse emitter.
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I Diffuse emission

Isothermal surface, T—
(a) (b) (c)

Figure 6.4: Characteristics of an isothermal blackbody cavity. (a) Complete absorption.
(b) Diffuse emission from an aperture. (c) Diffuse irradiation of interior surfaces.

As the perfect absorber and emitter, the blackbody serves as a standard against
which the radiative properties of actual surfaces may be compared.

Although closely approximated by some surfaces, it is important to note that no
surface has precisely the properties of a blackbody. The closest approximation is
achieved by a cavity whose inner surface is at a uniform temperature. If radiation
enters the cavity through a small aperture (Figure 6.4.a), it is likely to experience
many reflections before reemergence. Since some radiation is absorbed by the
inner surface upon each reflection, it is eventually almost entirely absorbed by the
cavity, and blackbody behavior is approximated. From thermodynamic principles it
may then be argued that radiation leaving the aperture depends only on the surface
temperature and corresponds to blackbody emission (Figure 6.4.b). Since
blackbody emission is diffuse, the spectral intensity I, of radiation leaving the
cavity is independent of direction. Moreover, since the radiation field in the cavity,
which is the cumulative effect of emission and reflection from the cavity surface,
must be of the same form as the radiation emerging from the aperture, it also

follows that a blackbody radiation field exists within the cavity. Accordingly, any

8
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small surface in the cavity (Figure 6.4.c) experiences irradiation for which
G, = E; (A, T). This surface is diffusely irradiated, regardless of its orientation.
Blackbody radiation exists within the cavity irrespective of whether the cavity

surface is highly reflecting or absorbing.

6.3Radiation Exchange between Surfaces
6.3.1 The View Factor
A. The View Factor Integral

The view factor F;; is defined as the fraction of the radiation leaving surface i that
Is intercepted by surface j. To develop a general expression for Fj;, we consider the
arbitrarily oriented surfaces A; and A; of Figure 6.5. Elemental areas on each
surface, dA; and dA;, are connected by a line of length R, which forms the polar
angles 6; and 6;, respectively, with the surface normals n; and n;. The values of R,

@i, and g; vary with the position of the elemental areas on A; and A;.

6, A
i S
1 dAjcost
/’ A, Tj
R/'
n; ,/’
B 7
’/ dA,-
A‘,T-

Figure 6.5: View factor associated with radiation exchange between elemental surfaces of area
dA;and dA.
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From the definition of the radiation intensity, the rate at which radiation leaves dA;
and is intercepted by dA; may be expressed as

dqij = le4ricosb;dA;dw;_; (6-7)
where I,.,; is the intensity of radiation leaving surface i by emission and
reflection and dw;_; is the solid angle subtended by dA; when viewed from dA;.

With dw;_; = (cos 8; dA;)/R?, it follows that

Aicsj = lovri gt dAidA; (6-8)
Assuming that surface i emits and reflects diffusely, we then obtain
dql—>] - ]l m dA dA (6'9)

The total rate at which radiation leaves surface i and is intercepted by j may then

be obtained by integrating over the two surfaces. That is,

cos8;cos@;

diny =Ji fy, Sy e dA A, (6-10)

where it is assumed that the radiosity J; is uniform over the surface A;. From the
definition of the view factor as the fraction of the radiation that leaves A; and is

intercepted by A;,

qi-j

it follows that

ol S daday (6-12)

R?
Similarly, the view factor F;; is defined as the fraction of the radiation that leaves A

and is intercepted by A;. The same development then yields

1 cosB;cos0;
Eli = A_]’fAi fAj n_—]dAldA] (6'13)

RZ
Either Equation 6.12 or 6.13 may be used to determine the view factor associated
with any two surfaces that are diffuse emitters and reflectors and have uniform
radiosity.

10
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B. Relations between Shape Factors
I.  Reciprocity relation
An important view factor relation is suggested by Equations 6.12 and 6.13. In
particular, equating the integrals appearing in these equations, it follows that
AiF;j = AjF; (6-14)
This expression, termed the reciprocity relation, is useful in determining one view

factor from knowledge of the other.

Ii.  Summation rule

Another important view factor relation pertains

to the surfaces of an enclosure (Figure 6.6). T,
From the definition of the view factor, the

summation rule

Y Fy =1 (6-15)

T

Figure 6.6: Radiation exchange in an enclosure.
may be applied to each of the N surfaces in the enclosure. This rule follows from
the conservation requirement that all radiation leaving surface i must be intercepted
by the enclosure surfaces. The term F;; appearing in this summation represents the
fraction of the radiation that leaves surface i and is directly intercepted by i. If the
surface is concave, it sees itself and F;; is nonzero. However, for a plane or convex

surface, F;; = 0.

Fy_,=0
{a) Planc surtace
N
» 4 |\\.:/| »
N\ : | _» i
2) A N\~ S
/ I:? L= 0 \
(¢) Concave surface

(h) Convex surlace 11
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A total of N view factors may be obtained from the N equations associated with

application of the summation rule, Equation 6.15, to each of the surfaces in the
enclosure. In addition, N(N-1)/2 view factors may be obtained from the N(N-1)/2
applications of the reciprocity relation, Equation 6.14, which are possible for the
enclosure. Accordingly, only [N?-N-N(N-1)/2]=N(N-1)/2 view factors need be
determined directly. For example, in a three-surface enclosure this requirement
corresponds to only 3(3-1)/2= 3 view factors. The remaining six view factors may
be obtained by solving the six equations that result from use of Equations 6.14 and
6.15.

To illustrate the foregoing procedure, consider a simple, two-surface enclosure
involving the spherical surfaces of Figure 6.7. Although the enclosure is
characterized by N,=4 view factors (Fi1, Fip, Fo1, F2), only N(N-1)/2=1 view
factor need be determined directly. In this case such a determination may be made
by inspection. In particular, since all radiation leaving the inner surface must reach
the outer surface, it follows that F;,=1. The same may not be said of radiation
leaving the outer surface, since this surface sees itself. However, from the

reciprocity relation, Equation 6.14, we obtain
Fp = (j_:) Fi; = (2_:) (6-16)
From the summation rule, we also obtain
Fiis+ Fp =1

in which case F;;=0, and i

Foq + F =1

in which case

= 1-(2)

2

Figure 6.7: View factors for the enclosure
formed by two spheres.
12
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The view factors for several common geometries are presented in Tables 6.1 and

6.2. The configurations of Table 6.1 are assumed to be infinitely long (in

a

direction perpendicular to the page) and are hence two-dimensional. The

configurations of Table 6.2 are three-dimensional.

Table 6.1: View Factors for Two-Dimensional Geometries.

Geometry Relation

Parallel Plates with Midlines
Connected by Perpendicular

fe— W, —| : (W, + W,)Z + 42 — [(W; — W)* + 412
—_— Fij o W
] 1 N
1 | W;=wi/L, W; = wj/L
[
| -

| ;. |
I W; |

Inclined Parallel Plates of Equal
Width and a Common Edge

N Fy=1-sin(2)

9| R

b

; |
f W |

Innite Plane and Row of Cylinders

0000d@ it
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Parallel Cylinders of Different Radii

Cylinder and Parallel Rectangle

'

T
_0 |

14

e, B
v 27

=3 [C2 _(R o 1)2]Il2

e (-]
e8]

R=rir,S§=slr
C=1+R+S

{’n’+ [C*— (R + 1"

1+ (wihwy) — [1 + (wiw )12

g 2w
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Geometry Relation
Aligned Parallel X=XIL. Y=Y
Rectangles
(Figure 13.4) A [(1 +X)(1+7¥ )]m

m I aXY 1+X2+7Y?2
Ll Eva 12 = Y

| +X(L+Y) % tant———

T ST ST

Y\ SE | _

X +Y(1+X)"an" —L — _Xan'X - Vian'¥
(1+XH"
Coaxial Parallel Disks R,=r/L R;=riL
(Figure 13.5) 1+ R
S=1+——7o
FU = % {S - [SZ 3 . 4(I'j/l‘,~)2]”2}

Perpendicular Rectangles H=7ZIX, W=YIX

with a Common Edge | | |

(Figure 13.6) Fij:W(Wta"_|W+ Htan"ﬁ

2 > 1
— (H* + W) tan™ '—
5 . ) “ta TN
1 (l+W)(l+H) W31 + W+ H?)
4 | 1+wW+H? (1+W)(W+H)
" [ H(1 + H* + W?) ]
(1 +H>»H*+W?
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The view factors for several common geometries are presented in Figures 6.8
through 6.11.

10 e
4
0.7
2
0.5
0.4 1.0
0.3 0.6
0.2 0.4
L:i::-
0.1 —().2
0.07
0.05
0.03
0.02
0.01
0.1 0.2 0.3 05 1.0 2 3 45 10 20
X/L
Figure 6.8: View factor for aligned parallel rectangles.
10
| 1.0
o L 4 M
) 0.9
0.8
0.7\\ \
\\ \_%\
06\\ \\\ 7 \i}_—.
Flg? \g\*\\
E:"4"‘“----. \\\\
03| SO
02— 051 [ \‘\
ol 0.25 -""“““--_.______“‘\\\
,D R e N
0 01 02 03 04 05 06 07 08 09 1.0
r].lfrz

0 02 04 0.6 03 1.0

ryfry

Figure 6.9: View factors for two concentric cylinders of finite length: (a) outer cylinder to
inner cylinder; (b) outer cylinder to itself.
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0
0.1 0.2 04 06 081 2 4 6 8 10

Figure 6.10: View factor for coaxial parallel disks.

05 YiX =
X
0.05 Y

0.1 0.2 0.4 0.6 081 2 4 6 8 10
ZIX
Figure 6.11: View factor for perpendicular rectangles with a common edge.
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lii.  The Superposition Rule

The first relation concerns the additive nature of the view factor for a subdivided
surface and may be inferred from Figure 6.12. Considering radiation from surface i
to surface j, which is divided into n components, it is evident that

Fi(jy = Xk=1Fix (6-17)
where the parentheses around a subscript indicate that it is a composite surface, in
which case () is equivalentto (1, 2, ..., Kk, ..., n). This expression simply states
that radiation reaching a composite surface is the sum of the radiation reaching its
parts. Although it pertains to subdivision of the receiving surface, it may also be
used to obtain the second view factor relation, which pertains to subdivision of the
originating surface. Multiplying Equation 6.17 by A; and applying the reciprocity

relation, Equation 6.14, to each of the resulting terms, it follows that

AiF Gy = Yie=1 AcFri (6-18)
_ Yk=14kFri
Fupi = S5 (6-19)

A

A=Y A

A=

Figure 6.12: Areas used to illustrate view factor relations.

Equations 6.18 and 6.19 may be applied when the originating surface is composed
of several parts.

18
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Example 1: Determine the view factors F;, and F,; for the following geometries:

T A,
T/\'\ : ; —— A LD
L=D - — A,
\j'— .“‘2 A L_i '43 =5

(1) (2) (3)

1. Sphere of diameter D inside a cubical box of length L = D.
2. One side of a diagonal partition within a long square duct.
3. End and side of a circular tube of equal length and diameter.

Solution:
1. Sphere within a cube:
By inspection, Fj; = 1
: : A :
By reciprocity, F;, =1 Fp,= 7D, X 1=1
T Ay 7 6L 6
2. Partition within a square duct:
From summation rule, F;; + Fj, + Fj3 = 1
where F;;, =0
By symmetry, F, = F3
Hence Fj; = 0.50
; ; A 9, .
By reciprocity, F,, = e Fj,= VaL X 0.5=0.71
A, L
3. Circular tube:

From Table 13.2 or Figure 13.5, with (r3/L) = 0.5 and (L/r)) = 2, F;5 = 0.172
From summation rule, Fy; + Fj, + Fi3 = 1
Or. \Vith FH = (), Fl?. =1- F|3 = (.828

i - A 2/
From reciprocity, F,, = =1 j wD/4
Ay T

X 0.828 = 0.207

19
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Example 2: Determine the view factors from the base of the pyramid shown in
Figure 6.13 to each of its four side surfaces. The base of the pyramid is a square,
and its side surfaces are isosceles triangles.

Solution: The base of the pyramid (surface 1) and its
four side surfaces (surfaces 2, 3, 4, and 5) form a five-
surface enclosure. The first thing we notice about this
enclosure is its symmetry. The four side surfaces are
symmetric about the base surface. Then, from the

symmetry rule, we have

Fio = Fa =y, — Fys

Also, the summation rule applied to surface 1 yields Figure 6.13: The pyramid
considered in Example 2.

EFU:F“+F12+F13+F14+F15:1

J=1

However, F;; = O, since the base is a flat surface. Then the two relations
above yield

Fi = Fy3 = Fiy = Fi5 = 0.25

Example 3: Determine the view factor from any one side to any other side of the
infinitely long triangular duct whose cross section is given in Figure 6.14.
Solution: The view factors associated with an infinitely long triangular duct are to
be determined.

The widths of the sides of the triangular cross section of the duct are L4, L,, and Lj,
and the surface areas corresponding to them are A;, A,, and As, respectively. Since
the duct is infinitely long, the fraction of radiation leaving any surface that escapes
through the ends of the duct is negligible. Therefore, the infinitely long duct can be

considered to be a three-surface enclosure, N= 3.
20
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This enclosure involves N? = 3% = 9 view factors,

and we need to determine

of these view factors directly. Fortunately,
we can determine all three of them by

inspection to be

Iy =Fp =Fp =10

since all three surfaces are flat. The Figure 6.14: The infinitely long triangular duct

remaining six view factors can be considered in Example 3.

determined by the application of the summation and reciprocity rules.

Applying the summation rule to each of the three surfaces gives

Fy+Fp+ Fs=1
F21+F22+F23:l
Fy + Fyp + F33 =

Noting that F1; = F», = F33 = 0 and multiplying the first equation by A,, the second
by A,, and the third by Az gives

AF, +AF);;=A
ArFy + AyFyy = A
AsF5 + AsF 5, = A,

Finally, applying the three reciprocity relations A;F1, = AF,1, AjF13 = AsF3g, and
AoFos = Asks, gives

AFp + AF3 = A
AjFp + AFp = A,

AFi3 + AFy; = Ay
21
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This is a set of three algebraic equations with three unknowns, which can be solved
to obtain

. .“\l + .‘_ﬁ — :‘{_; o IJ| + 1,_\ —— IJ.(

Fa 24, 2L,
AitA—A, L+ L - L
8= o - 21,
. Ay +A;—A, L,+L,—-L,

T I

6.3.2 Blackbody Radiation Exchange

In general, radiation may leave a surface due to both reflection and emission, and
on reaching a second surface, experience reflection as well as absorption.
However, matters are simplified for surfaces that may be approximated as
blackbodies, since there is no reflection. Hence energy leaves only as a result of
emission, and all incident radiation is absorbed. Consider radiation exchange
between two black surfaces of arbitrary shape (Figure 6.15). Defining g as the
rate at which radiation leaves surface i and is intercepted by surface j, it follows
that

qi-j = (AiJ;) Fisj (6-20)
or, since radiosity equals emissive power for a black surface (J; = E),
qi-j = AiEp; Fi,; (6-21) ) T
Similarly, : '\\2—\
qj-i = AjEpj Fjoi (6-22) h; i By /
.
X X A . J=Ey |
i o AT,
—
A, T,

Figure 6.15: Radiation transfer between two surfaces that may be
approximated as blackbodies.
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The net radiative exchange between the two surfaces may then be defined as

4ij = Gi»j — qj-i (6-23)
from which it follows that

qij = AiEp; Fi,j — AjEpj Fj; (6-24)
qij = A Fiujo (T = T') (6-25)

Equation 6.25 provides the net rate at which radiation leaves surface i as a result of
its interaction with j, which is equal to the net rate at which j gains radiation due to
its interaction with i.

The foregoing result may also be used to evaluate the net radiation transfer from
any surface in an enclosure of black surfaces. With N surfaces maintained at
different temperatures, the net transfer of radiation from surface i is due to
exchange with the remaining surfaces and may be expressed as

G = X)o1 A Finjo (T = T}) (6-26)

The net radiative heat flux, q;" = q;/A;, was denoted as g, in Chapter 1. The

subscript rad has been dropped here for convenience.

Example 4: A furnace cavity, which is in the form of a cylinder of 50mm diameter
and 150mm length, is open at one end to large surroundings (see Figure 6.16) that
are at 27°C. The bottom of the cavity is heated independently, as are three annular
sections that comprise the sides of the cavity. All interior surfaces of the cavity
may be approximated as blackbodies and are maintained at 1650°C. What is the
required electrical power input to the bottom surface of the cavity? What is the
electrical power to the top, middle, and bottom sections of the cavity sides? The

backs of the electrically heated surfaces are well insulated.
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A5, TS - TSUY = 300 K ‘

h | T,, = 300 K
‘s ! . A,, T, = 1650°C

L=0:15 m | { — Typical
S i

_I_ heater

|

e 2 Ay, T, = 1650°C
| A,, T, = 1650°C
—
|

R Insulation

D=0.05m

Figure 6.16: Temperature of furnace surfaces and surroundings.

Surface 1: g =A\Fs0(T} — T$) = AsFs5,0(TT — T3) (1)
Surface 2: g> = AyF50(T3 — T$) = AsFs,0(T3 — T3) (2)
Surface 3: q; = AsF350(T5 — T = AsFs5;0(T3 — T9) (3)
Surface 4: gy = AF,s0(T — T = AsFs0(T3 — T (4)

We will determine the view factors by first defining two hypothetical surfaces A" and A” as
shown in the schematic. From Table 13.2 with (r/L) = (r/L) = (0.025m/0.150 m) =
0.167, F5; = 0.0263. With (r/L) = (r/L) = (0.025 m/0.100 m) = 0.25, Fs, = 0.0557 so
that Fs, = Fsy — F5; = 0.0557 — 0.0263 = 0.0294. Likewise, with (r/L) = (r/L) = (0.025 m/
0.050m) = 0.5, Fs54 = 0.172 so that F5; = F5y — F5¢ = 0.172 — 0.0557 = 0.1163. Finally,
Fss=1— Fs54 =1 —0.172 = 0.828. The electrical power delivered to each of the four
furnace surfaces can now be determined by solving Equations 1 through 4 for the radiation
loss from each surface with A; = #D%4 = 7 X (0.05 m)*/4 = 0.00196 m”.

g, = 0.00196 m* X 0.0263 X 5.67 X 10~ W/m? - K* X (1923 K* — 300 K*) =39.9 W

5
g>=0.00196 m* X 0.0294 X 5.67 X 107 W/m*- K* X (1923 K* —300K*) =447W <
g;=0.00196 m* X 0.1163 X 5.67 X 107* W/m? - K* X (1923 K* —=300KH) =177W <

<

gs = 0.00196 m* X 0.828 X 5.67 X 107® W/m? - K* X (1923 K* — 300 K*) = 1260 W
24
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6.3.3 Radiation Exchange between Opaque, Diffuse, Gray Surfaces in an

Enclosure
In general, radiation may leave an opaque surface due to both reflection and

emission, and on reaching a second opaque surface, experience reflection as well
as absorption. In an enclosure, such as that of Figure 6.17.a, radiation may
experience multiple reflections off all surfaces, with partial absorption occurring at

each.

TioAvey Ty Ay
(a)
ﬂ Tiv A“, E;
P; G:Af ‘4’ J
EA.
‘]z *\1 G,‘A,'
\ 1-¢g
aIGIP‘I tl 41‘
it i | ) \ s s T )

(b) (c) (d)

Figure 6.17: Radiation exchange in an enclosure of diffuse, gray surfaces with a nonparticipating
medium. (a) Schematic of the enclosure. (b) Radiative balance. (c) Radiative balance. (d) Resistance
representing net radiation transfer from a surface.

Analyzing radiation exchange in an enclosure may be simplified by making certain
assumptions. Each surface of the enclosure is assumed to be isothermal and to be

characterized by a uniform radiosity and a uniform irradiation. The surfaces are
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also assumed to be opaque (z= 0) and to have emissivities, absorptivities, and
reflectivities that are independent of direction (the surfaces are diffuse) and
independent of wavelength (the surfaces are gray). Under these conditions the
emissivity is equal to the absorptivity, e=a (a form of Kirchhoff’s law). Finally, the
medium within the enclosure is taken to be nonparticipating. The problem is
generally one in which either the temperature T; or the net radiative heat flux g’
associated with each of the surfaces is known. The objective is to use this
information to determine the unknown radiative heat fluxes and temperatures

associated with each of the surfaces.

A. Net Radiation Exchange at a Surface
The term qg;, which is the net rate at which radiation leaves surface i, represents the
net effect of radiative interactions occurring at the surface (Figure 6.17.b). It is the
rate at which energy would have to be transferred to the surface by other means to
maintain it at a constant temperature. It is equal to the difference between the

surface radiosity and irradiation and may be expressed as

q; = Ai(UJ; — Gy) (6-27)
Using the definition of the radiosity,

Ji = Ei + piG; (6-28)
The net radiative transfer from the surface may be expressed as

q; = Ai(E; — a;Gy) (6-29)

where use has been made of the relationship «; = 1 - p; for an opaque surface. This
relationship is illustrated in Figure 6.17.c. Noting that E; = &Ep and recognizing
that p; = 1 - a; = 1- & for an opaque, diffuse, gray surface, the radiosity may also be
expressed as

Ji = &Epi+ (1 —&)G; (6-30)
Solving for G; and substituting into Equation 6.27, it follows that
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Ji—&iEpi
qi = 40— (6-31)
_ __Epi—Ji )
%= (1-&p)/€iA; (6-32)

Equation 6.32 provides a convenient representation for the net radiative heat
transfer rate from a surface. This transfer, which is represented in Figure 6.17.d, is
associated with the driving potential (Ey; - J;) and a surface radiative resistance of
the form (1 - &)/ & Ai. Hence, if the emissive power that the surface would have if it
were black exceeds its radiosity, there is net radiation heat transfer from the
surface; if the inverse is true, the net transfer is to the surface.
It is sometimes the case that one of the surfaces is very large relative to the other
surfaces under consideration. For example, the system might consist of multiple
small surfaces in a large room. In this case, the area of the large surface is
effectively infinite (Aj—o0), and we see that its surface radiative resistance, (1 - &)/
&i A, 1s effectively zero, just as it would be for a black surface (¢ =1). Hence, J; =
E.i, and a surface which is large relative to all other surfaces under consideration
can be treated as if it were a blackbody.

B. Radiation Exchange between Surfaces
To use Equation 6.32, the surface radiosity J; must be known. To determine this
guantity,it is necessary to consider radiation exchange between the surfaces of the
enclosure. The irradiation of surface i can be evaluated from the radiosities of all
the surfaces in the enclosure. In particular, from the definition of the view factor, it
follows that the total rate at which radiation reaches surface i from all surfaces,
including i, is
AiG; =X Fud; (6-33)
or from the reciprocity relation, Equation 6.14,
AiG; =Y FijA (6-34)
Canceling the area A; and substituting into Equation 6.27 for G;,
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q = A = X1 Fij 1)) (6-35)
or, from the summation rule, Equation 6.15,

qi = A Fj i = X1 Fiji 1)) (6-36)
Hence,

q = XV Fiy Al(Ji— T;) =20 a4y (6-37)

Radiation Network Approach

Equation 6.37equates the net rate of radiation transfer from surface i, qi, to the sum
of components ¢ related to radiative exchange with the other surfaces. Each
component may be represented by a network element for which (J; - J;) is the
driving potential and (AiFij)'l IS a space or geometrical resistance (Figure 6.18).

Combining Equations 6.32 and 6.37, we then obtain

Ji—Jj Epi— Ji
qi= p, ) Eu) (6-38)

(aFy)™" (-ed/eiA;

As shown in Figure 6.18, this expression represents a radiation balance for the
radiosity node associated with surface i. The rate of radiation transfer (current
flow) to i through its surface resistance must equal the net rate of radiation transfer
(current flows) from i to all other surfaces through the corresponding geometrical
resistances.

Note that Equation 6.38 is especially useful when the surface temperature T; (hence
Ew) is known. Although this situation is typical, it does not always apply. In
particular, situations may arise for which the net radiation transfer rate at the
surface g, rather than the temperature T;, is known. In such cases the preferred

form of the radiation balance is Equation 6.37, rearranged as

gi= y, Ll (6-39)

(aFy) "

Use of network representations was first suggested by Oppenheim. The network is
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built by first identifying nodes associated with the radiosities of each of the N

surfaces of the enclosure. The method provides a useful tool for visualizing

radiation exchange in the enclosure and, at least for simple enclosures, may be

/q/l

used as the basis for predicting this exchange.

1—&1'

E€;A;

I

Node corresponding —
to the surface

T o

Figure 6.18: Network representation of radiative exchange between surface i and the remaining
surfaces of an enclosure.

qin

Example 4: In manufacturing, the special coating on a curved solar absorber
surface of area A,= 15 m? is cured by exposing it to an infrared heater of width W =
1 m. The absorber and heater are each of length L = 10 m and are separated by a
distance of H = 1 m. The upper surface of the absorber and the lower surface of the
heater are insulated. The heater is at T;= 1000 K and has an emissivity of ¢,= 0.9,
while the absorber is at T,= 600 K and has an emissivity of ¢, = 0.5. The system is
in a large room whose walls are at 300 K. What is the net rate of heat transfer to

the absorber surface?
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Solution: Collector, L = 10 m

T,=600K, A, = 15 m?,

| -
| | £€,=0.5
I;=T,,=300K : :
€3=1 i | t AL
=) EE
* :
| 3
| | T, =1000 K, A, = 10 m*,
I I {11 = (:)9
| |
» W=1m —> Heater, L = 10 m
Ey= (l’T_f‘
1 -&,
{'7;-:'\3
(.)"'*
J,0 ol
Step 1 Step 2 Step 3

The radiation network is constructed by first identifying nodes associated with the
radiosities of each surface, as shown in step 1 in the following schematic. Then
each radiosity node is connected to each of the other radiosity nodes through the
appropriate space resistance, as shown in step 2. We will treat the surroundings as
having a large but unspecified area, which introduces difficulty in expressing the
space resistances (AsF31)™ and (AsFs,) ™. Fortunately, from the reciprocity relation,
we can replace AsFz; with A;F;3 and AsFz, with AF,3, which are more readily

obtained. The final step is to connect the blackbody emissive powers associated
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with the temperature of each surface to the radiosity nodes, using the appropriate
form of the surface resistance.

In this problem, the surface resistance associated with surface 3 is zero according to
assumption 4; therefore, J; = E,; = 0T3 = 459 W/m>.
Summing currents at the J, node yields
oli -1,  Lh—J, Jy—oT;

= F (1)
(] _81)/81Al I/AIFIZ l/AlF|3

while summing the currents at the J, node results in

O'T;—Jz _JZ—J|+J2'_O'T‘34
(l T 82)/82/42 I/A]F|2 l/A2F23

(2)

The view factor Fj; may be obtained by recognizing that Fy, = Fy,, where Aj is shown in
the schematic as the rectangular base of the absorber surface. Then, from Figure 13.4 or
Table 13.2, with Y/L = 10/1 = 10 and X/L = 1/1 = 1,

F,=0.39
From the summation rule, and recognizing that F;; = 0, it also follows that
Fy=1—F;,=1-0.39=0.61
The last needed view factor is F,;. We recognize that, since radiation propagating from sur-
face 2 to surface 3 must pass through the hypothetical surface A5,
AyFy3 = Ay Fy3
and from symmetry F,; = F5. Thus

Al 2 |
=22 p, =10m o 61 =041

B =22
2 A, 7 15m”

We may now solve Equations 1 and 2 for J, and J,. Recognizing that E,; = 0T} =56,700 W/m?
and canceling the area A;, we can express Equation 1 as

56,700 —J, J,—J, g J, — 459

(1-0.9)/09 1/0.39 1/0.61

or

—10J, + 0.39J, = —510,582 (3)

Noting that E,, =0 T3 = 7348 W/m? and dividing by the area A,, we can express Equation 2 as

7348 — J, Ty J, — 459

= +
(1 =05)/0.5 15m¥(10m? X 0.39) 1/0.41
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0.26J, — 1.67J, = —7536 (4)

" . . 0 g e 2
Solving Equations 3 and 4 simultaneously yields J, = 12,487 W/m".
An expression for the net rate of heat transfer from the absorber surface, ¢,, may be
written upon inspection of the radiation network and is
(TT; = ‘Il
B~ o
( f== &r )/82/“2

resulting in

(7348 — 12.487)W/m?
4= - - —— = —77.1 kW
(1 =—0.5)/(0.5 X 15m9)

Hence, the net heat transfer rate fo the absorber is ¢,oe = —¢>» = 77.1 kW. <

C. The Two-Surface Enclosure
The simplest example of an enclosure is one involving two surfaces that exchange
radiation only with each other. Such a two-surface enclosure is shown
schematically in Figure 6.19.a. Since there are only two surfaces, the net rate of
radiation transfer from surface 1, q;, must equal the net rate of radiation transfer to
surface 2, -¢,, and both quantities must equal the net rate at which radiation is

exchanged between 1 and 2. Accordingly,
41 = —qz2 = a2 (6-40)

Ay Ty, &

Al' Tl, gl
(a)

1-g 1 1-¢,

Ey 841 5 A J, A Epp
9y = "\ \N——ANNN—ANNN—0 —>7 ;

—_— —_— —_—

N 2wl h2  _ J2-Ep

1= T _e)leA; 1 2= T —¢,)e,4,
(b)

Figure 6.19: The two-surface enclosure. (a) Schematic. (b) Network representation.
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The radiation transfer rate may be determined by applying Equation 6.38 to
surfaces 1 and 2 and solving the resulting two equations for J; and J,. The results
could then be used with Equation 6.32 to determine q; (or g). However, in this
case the desired result is more readily obtained by working with the network
representation of the enclosure shown in Figure 6.19.b. From Figure 6.19.b we see
that the total resistance to radiation exchange between surfaces 1 and 2 is
comprised of the two surface resistances and the geometrical resistance. Hence,
substituting from Equation 12.32, the net radiation exchange between surfaces may
be expressed as
o(T7—T3)
lf:,.Af'l - A,IFI_‘. Ia:Ai: (41

W1y =

The foregoing result may be used for any two isothermal diffuse, gray surfaces that
form an enclosure and are each characterized by uniform radiosity and

irradiation. Important special cases are summarized in Table 6.3.

Table 6.3: Special Diffuse, Gray, Two-Surface Enclosures

Large (Innite) Parallel Planes

.‘41, 1:, EI 4 4
| A=A, =A g, = 20T =T
- 2
. Fi,=1 1 1
Ap T & 12 —=f —:
€ &
Long (Innite) Concentric Cylinders
Ay 1 oA(T| — T5)
A, I i = ,
= 1 . 1l =— 3:("1
Fi, = 2, & \I
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Concentric Spheres

A, 1} _ oA(T} — T))
i i = 82(,—-1)2

“ Fy, = 12 i £ \f

2 B i = oAe(T} — T3

D. Radiation Shields
Radiation shields constructed from low emissivity (high reflectivity) materials can
be used to reduce the net radiation transfer between two surfaces. Consider placing
a radiation shield, surface 3, between the two large, parallel planes of Figure
6.20.a. Without the radiation shield, the net rate of radiation transfer between
surfaces 1 and 2 is given by Table 6.3 for Large (Infinite) Parallel Planes.
However, with the radiation shield, additional resistances are present, as shown in
Figure 6.20.b, and the heat transfer rate is reduced. Note that the emissivity
associated with one side of the shield (e3;) may differ from that associated with the
opposite side (e3,) and the radiosities will always differ. Summing the resistances
and recognizing that F,3 = F3, = 1, it follows that
Ao(TT—TH

qi2 =
1.1, I =&y  1—85; (6-42)
g & €31 €37

Note that the resistances associated with the radiation shield become very large

when the emissivities ¢3; and 3 are very small.
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Radiation
¢ shield

q, q3 d3; —q;

] | ldiA,T,E
5 21 12183

Ehl ‘ll J3 oL Eb3 ‘]3.2 ‘]2 EbZ

% 1-g 1 1'=g35 L1=€33 1 1-¢
€A, AFi3  &3,A;  £3,A3 AsF3, €34,
(b)

Figure 6.20: Radiation exchange between large parallel planes with a radiation shield.
(@) Schematic. (b) Network representation.

Equation 6.42 may be used to determine the net heat transfer rate if T, and T, are

known. From knowledge of g, and the fact that g1, = g:13 = (3o, the value of T; may

then be determined by expressing Equation for Large (Infinite) Parallel Planes for

(13 Or Q3».

The foregoing procedure may readily be extended to problems involving multiple

radiation shields. In the special case for which all the emissivities are equal, it may

be shown that, with N shields,

(¢12)v = (q12)0

1
N+ 1 (6-43)

where (Q12)o is the radiation transfer rate with no shields (N = 0).
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Example 5:
A cryogenic fluid flows through a long tube of 20-mm diameter, the outer surface

of which is diffuse and gray with ¢, = 0.02 and T, = 77 K as shown in Figure 6.21.
This tube is concentric with a larger tube of 50-mm diameter, the inner surface of
which is diffuse and gray with &, = 0.05 and T, = 300 K. The space between the
surfaces is evacuated. Calculate the heat gain by the cryogenic fluid per unit length
of tubes. If a thin radiation shield of 35-mm diameter and &; = 0.02 (both sides) is
inserted midway between the inner and outer surfaces, calculate the change

(percentage) in heat gain per unit length of the tubes.

T,=300K Shield
— D, =50 mm D; =35 mm
£,=0.05 / £, =0.02
D, =20 mm |
g, = 0.02
Without shield (wo) With shield (w)

Figure 6.21: Concentric tube arrangement with diffuse, gray surfaces of different
Emissivities and temperatures.
1. The network representation of the system without the shield is shown in

Figure 6.19,
_ 0‘(7TD|L)(Tf — Tﬁ)

1., 1L—&5( Dy
8_1+ & E

q

Hence

g 5.67 X 107" W/m?+K*(ar X 0.02 m)[(77 K)* — (300 K)*]
(/ = Pt
L

L] —0.05(0.02 m
0.02 ' 005 \0.05m

q'=—0.50 W/m
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2. The network representation of the system with the shield is shown in Figure
6.20, and the heat rate is now

Ey—Ey, o(T{—T3)

RlOl RlOl
where
l = 8| | l = 83 l l —&
Ro= + +2 - -
81(7TDlL) (WD]L)F]:; 83(7TD3L‘) (WD:;L)F_;Z 82( 7TD:_)
or
R, = i 1 —0.02 S ]
L10.02(mX0.02m) (7 X0.02m)l
" 1 —0.02 e 1 3 1 —0.05
1 0.02(7r X 0.035 m) (X 0.035m)l  0.05(7 X 0.05n
R, = L1(779.9+ 159 + 8913 + 9.1 + 121.0) =L'7( 'q)
L \m*
Hence

, g _567X107° W/m? - K*[(77 K)* — (300 K)¥]

- — —025W/
771 1817 (1/m) n

The percentage change in the heat gain is then

e —0.25 W/m) — (—0.5
i : Ao % 100 sz ( 0 /n]) ( 0.50 W/ln) X 100 = —50%
s ~0.50 W/m
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E. The Reradiating Surface

The assumption of a reradiating surface is common to many industrial
applications. This idealized surface is characterized by zero net radiation transfer
(gi = 0). Itis closely approached by real surfaces that are well insulated on one side
and for which convection effects may be neglected on the opposite (radiating) side.
With qi = 0, it follows from Equations 6.32, 6.38 and 6.27 that G; = J; = E,;. Hence,
if the radiosity of a reradiating surface is known, its temperature is readily
determined. In an enclosure, the equilibrium temperature of a reradiating surface is
determined by its interaction with the other surfaces, and it is independent of the
emissivity of the reradiating surface.

A three-surface enclosure, for which the third surface, surface R, is reradiating, is
shown in Figure 6.22.a, and the corresponding network is shown in Figure 6.22.b.
Surface R is presumed to be well insulated, and convection effects are assumed to
be negligible. Hence, with gr = 0, the net radiation transfer from surface 1 must

equal the net radiation

(a) (b)

Figure 6.22: A three-surface enclosure with one surface reradiating. (&) Schematic. ()
Network representation.

transfer to surface 2. The network is a simple series—parallel arrangement, and
from its analysis it is readily shown that
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Ey— Ep
=& 1 LT (6-44)
S]A] A]F]Q + [( I/AlFlR) + (I/AQFQR)]_] 82A2

G = 4=

Knowing ;= - ¢,, Equations 6.32 and 6.38 may be applied to surfaces 1 and 2 to
determine their radiosities J; and J,. Knowing J;, J,, and the geometrical
resistances, the radiosity of the reradiating surface Jz may be determined from the

radiation balance

h=dy k= _,
(I'IA]FlR) (IIAQFQR) (6'45)

The temperature of the reradiating surface may then be determined from the

requirement that o7} = Jj, .

Example 6:
A paint baking oven consists of a long, triangular duct in which a heated surface is

maintained at 1200 K and another surface is insulated as shown in Figure 6.23.
Painted panels, which are maintained at 500 K, occupy the third surface. The
triangle is of width W =1 m on a side, and the heated and insulated surfaces have
an emissivity of 0.8. The emissivity of the panels is 0.4. During steady-state
operation, at what rate must energy be supplied to the heated side per unit length of
the duct to maintain its temperature at 1200 K? What is the temperature of the
insulated surface?

Solution:

1. The system may be modeled as a three-surface enclosure with one surface
reradiating. The rate at which energy must be supplied to the heated surface
may then be obtained from Equation 6.44:
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Equilateral
triangle
SR — 08 '/\’.

T, = 1200 K

g =08 1A F,,

12
T, =500 K
=04
le—W=1m-—»|
£,A,
Eh2

L.

Figure 6.23: Surface properties of a long triangular duct that is insulated on one side and
heated and cooled on the other sides

- Eb] - EIJZ
qi

r 1 — & . | e ] — &
SIAI A|F|2+[(]/A|F|R)+(1/A2F2R)]_l 82A3

From symmetry, F, = F;p = F5, = 0.5. Also, A, = A, = W-L, where L is the duct
length. Hence
Lq 5.67 X 108 W/m?- K*(1200* — 500%) K*
( T
"L T 1-08 1 L _1-04
08X1Im 1mX054+2+2)'m 04XIm

or

qy =37 kW/m = —¢q; <

2. The temperature of the insulated surface may be obtained from the

requirement that J; = Eyr, Where Jg may be obtained from Equation 6.44.
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However, to use this expression J; and J, must be known. Applying the

surface energy balance, Equation 6.32, to surfaces 1 and 2, it follows that

1 — 5 _
Jy=E, ——21 g1 = 5.67 X 10~ W/m? - K* (1200 K)?
‘ W
1 —0.8 : G ;
————— X 37.000 W/m = 108,323 W/m
0.8 X 1m
E —& . %
Iy =Ey, — = g5=>5.67 X 107 W/m? - K* (500 K)*
- - 82"‘/ -
1 —0.4

———— 7 (—37.000 W/m) = 59.043 W/m?
04X 1m

From the energy balance for the reradiating surface, Equation 13.31, it follows that

108,323 —Jp  Jp—159.043 0
1 I
WXLX05 WXLXO0.S5

Jp = 83.683 Wim? = E,p = 0T}

83.683 W/m? 174
Ty= , = — ] =1102K
567 X 107°W/m*“-K

F. Multimode Heat Transfer
Thus far, radiation exchange in an enclosure has been considered under conditions
for which conduction and convection could be neglected. However, in many
applications, convection and/or conduction are comparable to radiation and must
be considered in the heat transfer analysis.
Consider the general surface condition of Figure 6.24.a. In addition to exchanging

energy by radiation with other surfaces of the enclosure, there may be external heat
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addition to the surface, as, for example, by electric heating, and heat transfer from

the surface by convection and conduction. From a surface energy balance, it

follows that
‘]i
Enclosure

g l-¢;

4irad \ / 4i conv Ll ngi
qi.ext _______________ "\

A — —— — —————] qiext = '\. J > (i conv
qi.cond :
v i cond

(a) (b)
Figure 6.24: Multimode heat transfer from a surface in an enclosure. (a) Surface energy
balance. () Circuit representation.

qi,ext = qi,rad+qi,conv+qi,cond (6'46)

where Qi ext, Gicond, aNd Qi conv represent current flows to or from the surface node.
Note, however, that while Qicng and 0icny are proportional to temperature
differences, (i .q IS proportional to the difference between temperatures raised to
the fourth power. Conditions are simplified if the back of the surface is insulated,
in which case qicong = 0. Moreover, if there is no external heating and convection is

negligible, the surface is reradiating.
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